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Abstract
We use quilted Floer theory to generalize Seidel’s long exact sequence in symplectic
Floer theory to ﬁbered Dehn twists. We then apply the sequence to construct versions
of the Floer and Khovanov–Rozansky exact triangles in Lagrangian Floer theory of
moduli spaces of bundles.
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1 Introduction
Seidel’s long exact sequence [41,Theorem1]describes the eﬀect of a symplecticDehn twist
on Lagrangian Floer cohomology. In many examples (moduli spaces of bundles, nilpotent
slices, etc.), the relevant ﬁbrations have Morse–Bott rather than Morse singularities and
the associatedmonodromymaps areﬁberedDehn twists.Many years ago, Seidel suggested
that this sequence should generalize to the ﬁbered case. In this paper, we show how to
carry out this suggestion using quilted Floer theory developed in Wehrheim–Woodward
[44,45,50]. Quilted Floer theory gives an expression of the third term in the exact triangle
as a push–pull functor, similar to the situation in the analogous triangle in algebraic
geometry developed by Horja [16].
To state the main result, suppose thatM is an exact or monotone symplectic manifold.
IfM has boundary ∂M, thenwe assume that the boundary ∂M is convex so that our spaces
of pseudoholomorphic curves satisfy good compactness properties. A Lagrangian brane
in M is a compact, oriented Lagrangian submanifold L equipped with a grading in the
sense of [45] and relative spin structure in the sense of [48]. We say that a Lagrangian
brane L is admissible if L is monotone in the sense of [45], the image of the fundamental
group π1(L) of L in π1(M) is torsion for any choice of base point, and L has minimal
Maslov number at least three. This notion of admissibility is chosen so that any pair
L0, L1 of admissible Lagrangian branes in M is monotone as a pair, which implies an
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energy-index relation for pseudoholomorphic strips. This relation in turn implies that
disk bubbles cannot obstruct the proof of ∂2 = 0 in the construction of the Lagrangian
Floer homology group HF (L0, L1). The underlying complex for this group is generated by
perturbed intersection points of L0, L1. The diﬀerential counts ﬁnite energy holomorphic
strips with boundary in L0, L1. Taking the Floer groups as morphism spaces, one obtains
the cohomology of the Fukaya category of Lagrangian branes in M. For the moment, we
work with Z2 coeﬃcients, although the main result will be stated with Z coeﬃcients.
To recall Seidel’s exact triangle in Lagrangian Floer cohomology, let C ⊂ M be a
Lagrangian sphere equipped with an identiﬁcation with a unit sphere, and let ιC : C →
C, v → −v denote the antipodal map. Associated with C is a symplectic Dehn twist
τC : M → M, τC |C = ιC , supp(τC ) ⊂ UC,
equal to the antipodal map on C and supported in a neighborhood UC of C . In the case
of a Lefschetz ﬁbration, if C is a vanishing cycle then τC is the monodromy around the
corresponding critical value. The assumption dimM ≥ 4 in the following is equivalent to
its Lagrangian submanifolds, in particular the sphere C , being of codimension (equal to
dimension) at least 2.
Theorem 1.1 (Seidel exact triangle [41]) Let M be a compact monotone or exact sym-
plectic manifold with convex boundary and dimension at least four, and let C, L0, L1 be
admissible Lagrangian branes such that C is equipped with a diﬀeomorphism to a sphere.
Then there exists a long exact sequence
HF (L0, L1)
HF (L0, C) ⊗ HF (C, L1).
HF (L0, τCL1)
Seidel’s result is often referred to as a categoriﬁcation of Picard–Lefschetz since by
taking the Euler characteristics one essentially recovers the Picard–Lefschetz formula as
in Arnold [4, Chapter I]. The Fukaya-categorical version (conjectured by Kontsevich) is
developed in Seidel’s book [42].
Many interesting ﬁbrations that arise in representation theory or gauge theory (such as
nilpotent slices or moduli spaces of bundles over a family of curves) have not just Morse
singularities but rather Morse–Bott singularities. Here the wordsMorse andMorse–Bott
are used in the sense of non-degeneracy of the Hessian, which in this setting is a complex
matrix. Extensions of the Picard–Lefschetz formula to ﬁbrations π : E → S with more
general singularities are considered by Clemens [9] and Landman [21], and many subse-
quent authors; the Morse–Bott situation is a particularly easy case. Let s0 ∈ S be a critical
value, and
B := crit(π ) ∩ Es0
the critical locus in its ﬁber, which need no longer consist of isolated points. Let s ∈ S
be a generic nearby point. The analog of the vanishing cycle in this case is a manifold C
ﬁbering over B,
Es ⊃ C → B
consisting of points that converge to B under parallel transport, called by Clemens [9]
the vanishing bundle. In the symplectic setting, C is a coisotropic submanifold and the
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map to B is a smooth submersion with maximally isotropic ﬁbers. The monodromy τC ,
which arises from parallel transport around s0, is a ﬁbered Dehn twist as introduced in
Sect. 2.2. Roughly speaking, a ﬁbered Dehn twist is a Dehn twist in each ﬁber of a ﬁbered
neighborhood U → B of C ⊂ M. Let M = Es and c the codimension of C . A special
case of Clemens [9, Theorem 4.4] gives that the monodromy τC acts on a homology class
α ∈ H (M) by the formula
(τC )∗α = α + (−1)(c+1)(c+2)/2[C] · [Ct ] · α, (1)
where the action of
[C]· : H (B) → H (M), [Ct ]· : H (M) → H (B)
is given by slant products, that is, the images of [C] under
H (M × B) → Hom(H (M), H (B)) resp. Hom(H (B), H (M)).
Themain result of this paper is a categoriﬁcation of the ﬁbered Picard–Lefschetz formula
(1) to the setting of Floer–Fukaya theory. In other words, we generalize Seidel’s triangle
to the ﬁbered case. As before, need to assume will use suitable monotonicity conditions to
ensure well-deﬁned Floer cohomology and relative invariants arising from pseudoholo-
morphic quilts in [44]. However, we expect our proofs to directly generalize to a version
of the exact triangle in any setting in which algebraic and analytic reﬁnements provide
well-deﬁned Floer cohomologies.
Definition 1.2 (Spherically ﬁbered coisotropics)A spherically ﬁbered coisotropic subman-
ifoldof a symplecticmanifoldM is a coisotropic submanifoldC ⊂ M of codimension c ≥ 1
such that
(a) (Fibrating) the null foliation of C is ﬁbrating over a symplectic base B with ﬁber Sc a
sphere of dimension c and
(b) (Orthogonal structure group) the structure group of p : C → B is equipped with a
reduction to SO(c + 1), that is, a principal SO(c + 1)-bundle P → B and a bundle
isomorphism P ×SO(c+1) Sc ∼= C .
Any spherically ﬁbered coisotropic gives rise to a ﬁbered Dehn twist τC ∈ Diﬀ(M,ω), see
Sect. 2. We identify C with its Lagrangian image in B− × M, where B− denotes B with
symplectic structure reversed. LetCt denote the transpose ofC inM−×B. ThusC deﬁnes
Lagrangian correspondences from B to M and vice versa. These correspondences ﬁt into
the framework of quilted Floer theory developed in [44,45,49,50]. Assumingmonotonicity
as in [44] (i.e., an energy-index relation for pseudoholomorphic quilts), the correspon-
dence C deﬁnes functors from the Fukaya category of B to that of M and vice versa. On
the level of homology, the latter functor gives rise to a homomorphism between quilted
Floer cohomology groups
HF (. . . , L0, Ct , C, L1, . . .)[dim(B)] → HF (. . . , L0, L1, . . .), (2)
where the Lagrangian correspondences
L0 ⊂ N−0 ×M, L1 ⊂ M− × N1
are parts of generalized Lagrangian correspondences
L0 = (. . . , L0), L1 = (. . . , (L1)t )
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from a point to M in the sense of [45]. In the special case of simple Lagrangian sub-
manifolds Li = Li ⊂ M, the homomorphism (2) is equivalent with Z2 coeﬃcients to a
homomorphism
HF (L0 × C,Ct × L1)[dim(B)] → HF (L0, L1).
The map (2) is more precisely deﬁned in [44] and provides the “quilted chaps” map which
we use to generalize the “chaps” map in Seidel’s proof of the exact triangle. In the above
special case, we obtain an exact triangle
HF (L0, L1)
HF (L0 × C,Ct × L1)[dim(B)].
HF (L0, τCL1)
The precise statement including monotonicity conditions, and allowing for general-
ized Lagrangian correspondences, is the following, which we prove in Sect. 5.2. Here
graph(τC ) ⊂ M− ×M denotes the graph of the ﬁbered Dehn twist τC .
Theorem 1.3 (Exact triangle for ﬁbered Dehn twists) Let M be a compact monotone or
exact symplectic manifold with convex boundary, let L0 = (. . . , L0) and L1 = (. . . , (L1)t )
be admissible generalized Lagrangian branes in M, and let C ⊂ M be a spherically ﬁbered
coisotropic submanifold of codimension c ≥ 2 with base B that is equipped with an admis-
sible brane structure as a Lagrangian submanifold of M− × B. Then there exists an exact
triangle
HF (. . . , L0, L1, . . .)
HF (. . . , L0, Ct , C, L1, . . .)[dim(B)].
HF (. . . , L0, graph(τC ), L1, . . .)
A similar triangle was developed by Perutz, as part of the program described in [33]. A
diﬀerent approach to exact triangles via Lagrangian cobordism is given in the recent work
of Mak and Wu [25] who also treated the codimension one case with Z2 coeﬃcients for
the ﬁrst time. We also treat the codimension one case below (see Remark 5.10) although
the monotonicity assumptions required in this case are more complicated.
As in Seidel’s work, there is a connection with the mapping cone construction in the
derived Fukaya category, which we establish in Sect. 7.1 as follows.
Theorem 1.4 (Derived Fukaya-categorical version of the exact triangle for ﬁbered Dehn
twists) Let C ⊂ M be a spherically ﬁbered coisotropic submanifold with admissible brane
structure as above. Then for every admissible generalized Lagrangian brane L in M there
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Here the notation L graph(τC ) and L Ct C indicates the generalized Lagrangian
submanifolds in the sense of [45] formed by concatenation . For L = (L0, . . . , Lk ) with
Li ⊂ M−i−1 ×Mi andMk = M, the object L graph(τC ) is equivalent to
(
L0, . . . , (idMk−1 ×
τC )(Lk )
)
for suitable choices of relative spin structures. In particular, L graph(τC ) ∼
τC (L) for k = 0. One can also write the bottom object in the exact triangle
L Ct C[dim(B)] = Φ(C)Φ(Ct )L
where Φ(Ct ),Φ(C) are the A∞ functors associated with Lagrangian correspondences
constructed in [27]. The formulation of the third term as a push–pull functor makes clear
that the exact triangle is the mirror partner of Horja’s exact triangle in [16]. We remark
that Perutz [35] proves a related exact triangle describing a symplectic version of theGysin
sequence; roughly speaking, Perutz’ result describes the composition of the functors for
Ct , C in the opposite order as a mapping cone for the map given by multiplication of the
Euler class.
We brieﬂy outline the contents of the paper. Section 2 contains background results on
ﬁberedDehn twists andLefschetz–Bott ﬁbrations. Section 3describes various situations in
which surfaceDehn twists inducegeneralizedDehn twists onmoduli spacesof ﬂat bundles;
these are mostly minor improvements of results of Seidel and Callahan. Sections 4 and 5
contain the proof of the exact triangle. Section 6 applies the triangle to moduli spaces of
ﬂat bundles to obtain generalizations of Floer’s exact triangle for surgery along a knot, as
well as surgery exact triangles for crossing changes in knots which have the same form as
the surgery exact triangles as Khovanov [17] and Khovanov and Rozansky [19]. Finally,
Sect. 7 describes generalizations to theA∞ setting. These are limited to the case ofminimal
Maslov number greater than two.
We thank Mohammed Abouzaid, Tim Perutz, and Reza Rezazadegan for helpful com-
ments, and especially Paul Seidel who got us involved in this area.
The present paper is an updated and more detailed version of a paper the authors have
circulated since 2007.The authors haveunreconciled diﬀerences over the exposition in the
paper, and explain their points of view at https://math.berkeley.edu/~katrin/wwpapers/
resp. http://christwoodwardmath.blogspot.com/. The publication in the current form is
the result of a mediation.
2 Lefschetz–Bott fibrations and fibered Dehn twists
This section covers the generalization of the theory of symplectic Lefschetz ﬁbrations to
the Lefschetz–Bott case, that is, to the case that the singularities of the ﬁbration are not
isolated but still non-degenerate in the normal directions. Most of this material is covered
in an unpublished manuscript of Seidel [39] and in the works of Perutz [33,34]. For more
recent appearance of ﬁbered Dehn twists, see Chiang et al. [8].
2.1 Symplectic Lefschetz–Bott fibrations
Lefschetz–Bott ﬁbrationshave anatural deﬁnition in the setting of holomorphic geometry:
One requires the projection to be proper and Morse–Bott. In the setting of symplectic
geometry, there are several analogous deﬁnitions which we discuss below. We begin with
the holomorphic setting: Let S be a complex curve.ALefschetz ﬁbrationover S is a complex
manifold E equipped with a proper holomorphic map π : E → S such that π only has
critical points of Morse type. That is, in local coordinates z1, . . . , zn on E, the map π is
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A Lefschetz–Bott ﬁbration over S is a complex manifold equipped with a proper holo-
morphic map π : E → S that has only Morse–Bott singularities. That is, the critical
set
Ecrit = {e ∈ E |Deπ = 0}
is a smooth (necessarily holomorphic) submanifold and theHessianofπ is non-degenerate
along the normal bundle of Ecrit. By the parametric Morse lemma [3, p.12] for any critical
point e ∈ Ecrit, there exist a neighborhood U of e and coordinates (z1, . . . , zn) : U → Cn
such that




where n is the dimension of E and c + 1 is the codimension of Ecrit at e.
In our examples, we will not have global complex structures on E and S (at least no
canonical ones). Instead, we work with symplectic versions of Lefschetz–Bott ﬁbrations.
The deﬁnition of the symplectic version uses the following condition introduced in Perutz
[33]. Let (M,ω) be a symplectic manifold equipped with an almost complex structure J
andM′ ⊂ M an almost complex submanifold. The submanifoldM′ is said to be normally
Kähler if a tubular neighborhood N of M′ in M is foliated by J -complex normal slices
{Ne ⊂ N }, e ∈ M′, such that J |Ne is integrable and ω|Ne is Kähler for each e.
Definition 2.1 (a) (Symplectic ﬁbrations) A symplectic ﬁbration is a manifold E
equipped with a closed two-form ωE ∈ 	2(E) and a ﬁbration π : E → S over a
smooth surface S, such that the restriction of ωE to any ﬁber of π is symplectic:
(ωE(e)|Deπ−1(0))dim(E)−1 = 0 ∀e ∈ E.
(b) (Symplectic Lefschetz–Bott ﬁbrations)A symplectic Lefschetz–Bott ﬁbration consists
of
(i) a smooth manifold E equipped with a closed two-form ωE ;
(ii) a smooth, oriented surface S;
(iii) a smooth proper map π : E → S with critical set and values
Ecrit := {e ∈ E | rank(Deπ ) < 2}, Scrit = π (Ecrit) ⊂ S;
(iv) a positively oriented complex structure j0 ∈ End(TS|U ) deﬁned in a neighbor-
hood U ⊂ S of the critical values Scrit; and
(v) an almost complex structure J0 ∈ End(TE|V ) deﬁned in a neighborhood V ⊂ E
of the critical set Ecrit
satisfying the following conditions:
(i) Ecrit ⊂ E is a smooth submanifold with ﬁnitely many components;
(ii) Ecrit is normally Kähler;
(iii) π |V : V → U is (J0, j0) holomorphic;
(iv) the normal Hessian D2πe|T⊗2Ne at any critical point is non-degenerate;
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(v) ωE is non-degenerate on ker(Dπ ) ⊂ TE;
(vi) ωE |V is non-degenerate and compatible with J0.
Remark 2.2 One natural reason to consider symplectic Lefschetz–Bott ﬁbrations rather
than symplectic Lefschetz ﬁbrations is that the category of Lefschetz–Bott ﬁbrations is
somewhat better behaved than Lefschetz ﬁbrations with respect to products. Suppose that
πk : Ek → S, k = 1, 2 are (symplectic) Lefschetz–Bott ﬁbrations such that critval(π1) ∩
critval(π2) is empty, where critval denotes the set of critical values. Then
π1 ×S π2 : E1 ×S E2 → S
is a (symplectic) Lefschetz–Bott ﬁbration with
critval(π1 ×S π2) = critval(π1) ∪ critval(π2).
In particular, the ﬁber product of a ﬁbration with a Lefschetz ﬁbration is a Lefschetz–Bott
ﬁbration.
Associated with any Lefschetz–Bott ﬁbration, there is a natural parallel transport
between the ﬁbers. The usual notion of parallel transport in Lefschetz ﬁbrations extends
to the symplectic Lefschetz–Bott case. First, suppose that π : E → S,ωE ∈ 	2(E) is
a symplectic ﬁbration with connected base S, for simplicity. The canonical symplectic




)ωE ⊂ TeE. (4)
Here the superscript denotes the symplectic complement with respect to ωE . The sym-
plectic complement has dimension 2 due to the non-degeneracy of ωE |ker(Deπ ). Moreover,
for any horizontal vector ﬁeld v ∈ 
(ThE) and ﬁber Es we have
LvωE
∣∣






Hence, given any smooth path γ : [0, 1] → S − Scrit the parallel transport
ρt,τ : Eγ (t) → Eγ (τ )
for any t, τ ∈ [0, 1] is a symplectomorphism. (Also see [15, Section 1.2].) This parallel
transport gives a reduction in structure group of the ﬁbration to the symplectomorphism
group of any ﬁber.
The notion of parallel transport above extends to parallel transport to critical ﬁbers.
Suppose that π : E → S is a Lefschetz–Bott ﬁbration. The smooth locus E − π−1(Scrit)
is a ﬁbration over S − Scrit with vertical tangent spaces Tve E = ker(Deπ ) and a canonical
symplectic connection ThE ⊂ T (E − Ecrit) deﬁned by (4). Given an embedded path
γ : [0, 1] → E ending on the critical locus γ (1) ∈ Scrit parallel transport extends to a
continuous map
ρt,1 : Eγ (t) → Eγ (1), x → lim
τ→1 ρt,τ (x). (5)
Indeed, choose a tubular neighborhood of γ . After rescaling, parallel transport becomes
the gradient ﬂow of the function f ◦ π for some coordinate function f : S → R with
respect to the metric ωE(·, J0·), see [41, Lemma 1.13]. Since the critical points of π are
Lefschetz–Bott, the gradient ﬂow is hyperbolic and the limit is well deﬁned [43].
Vanishing thimbles and cycles for Lefschetz–Bott ﬁbrations are deﬁned as follows. Let
γ : [0, 1] → S be a smooth embedded pathwith γ (1) ∈ Scrit such that γ ([0, 1)) ⊂ S−Scrit.
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Fix a connected component B ⊂ Ecrit ∩ Eγ (1) of the critical set in the endpoint ﬁber. The
vanishing thimble for the path γ and component B is
Tγ ,B =
{
x ∈ ∪t∈[0,1)Eγ (t)
∣
∣∣ ρt,1(x) ∈ B
}
∪ B.
The vanishing thimble Tγ ,B ⊂ E is a smooth submanifold with boundary since it is the
stable manifold of B, see [43]. The intersections
Ct := Tγ ,B ∩ Eγ (t) (6)
with the smooth ﬁbers of π for t ∈ [0, 1) are called the vanishing cycles for the path γ .
Proposition 2.3 Each vanishing cycle Ct from (6) is a coisotropic submanifold of the ﬁber
Eγ (t). The map ρt,1 : Ct → B is smooth and gives Ct the structure of a spherically ﬁbered
coisotropic submanifold in the sense of Deﬁnition 1.2.
Proof The parallel transportmap ρt,1 of (5) is a smooth ﬁbrationwith ﬁbers c-dimensional
spheres and structure group SO(c + 1) by the stable manifold theorem, see, for example,
[43]. The dimension c is the dimension of the ﬁber aswell as the codimension ofCt ⊂ Eγ (t),
by the normal form (3) of π . The parallel transport can also be written as a rescaled
Hamiltonian ﬂow of g ◦ π for some coordinate function g : S → R, as in the unﬁbered
case described in [41]. Since the Hamiltonian ﬂow preserves the symplectic form, the




= 0 ∀b ∈ B.
Since π is J0-holomorphic on B, the tangent space TB (which is the null space of the
Hessian of π ) is J0-invariant. Hence non-degeneracy of ωE in a neighborhood of B implies
that the restriction of ωE to B is symplectic. Thus the total space Ct is coisotropic and the
projection ρt,1 : Ct → B is the null foliation as claimed. unionsq
2.2 Fibered Dehn twists
The symplectic Dehn twist along a Lagrangian sphere in [41] can be generalized to spher-
ically ﬁbered coisotropics using the associated symplectic ﬁber bundle construction. This
construction associates with any principal bundle and Hamiltonian action with small
moment map a symplectic ﬁber bundle.
We ﬁrst set up notation for connections on principal bundles. Let G be a compact Lie
group with Lie algebra g. Recall that a connection one-form on a principal G-bundle P
is a one-form α ∈ 	1(P, g) with values in the Lie algebra g satisfying the following two
conditions:
(a) the evaluation α(ξP) is the constant function equal to ξ for any ξ ∈ g, where ξP ∈
Vect(P) is the vector ﬁeld generating the action of ξ , and
(b) the pullback g∗α is equal to Ad(g)−1α for any g ∈ G, where the adjoint action is on
the values of α.
Let ker(α) ⊂ TP denote the horizontal subbundle of vectors whose ﬁber at a point p ∈ P
is the space of vectors annihilated by αp. The tangent bundle TP admits a splitting into
horizontal and vertical parts
TP ∼= ker(α)⊕ ker(Dπ )
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invariant under the group action. Denote by A(P) the space of connection one forms on
P; it is an aﬃne space modeled on 	1(C, P(g)).
Given a principal bundle with connection and aHamiltonian action, the associated ﬁber
bundle has a natural two-form deﬁned as follows. To set up notation, suppose that the
following are given:
• a base symplectic manifold (B,ωB);
• a principal bundle π : P → B with structure group G;
• a ﬁber symplectic manifold (F,ωF ) equipped with a Hamiltonian G-action with
moment map ΦF : F → g∨ := Hom(g,R); and
• a connection one-form α ∈ 	1(P, g)G .
Denote by π1,π2 the projections to the factors of P × F . Theminimally coupled form on
P × F is
ωP×F,α = π∗1π∗ωB + π∗2ωF + d
〈
π∗1α,π∗2ΦF
〉 ∈ 	2(P × F ). (7)
Theorem 2.4 (Symplectic associated ﬁber bundles) (see, e.g., [14]) Let P be a principal
G-bundle, F a Hamiltonian G-manifold and α a connection one-form as above.
(a) The minimally coupled form ωP×F,α descends to a closed two-form
ωP(F ),α ∈ 	2(P(F )), P(F ) := P ×G F.
The form ωP(F ),α is non-degenerate on the ﬁbers in a neighborhood
P(F ) := P({|ΦF | < })
of the associated bundle to the zero-level set P(Φ−1F (0)) ⊂ P(F ). Here |ΦF | denotes the
norm ofΦF with respect to an invariantmetric on g ∼= g∨. Hence P(F ) is a symplectic
ﬁber bundle over B for suﬃciently small  > 0.
(b) IfΦ−1F (0) is smooth, then P(Φ
−1
F (0)) is a smooth submanifold of P(F ) with coisotropic
ﬁbers.
(c) Given two choices of connection αj , j = 0, 1, there exists an isomorphism of symplectic
ﬁber bundles from (P(F ) ,ωP(F ),α0 ) to (P(F ) ,ωP(F ),α1 ) for suﬃciently small  > 0.
(d) The association (F,ωF ,ΦF ) → (P(F ) ,ωP(F )) is functorial in the sense that any iso-
morphism of Hamiltonian G-manifolds (F0,ωF0 ,ΦF0 ) to (F1,ωF1 ,ΦF1 ) induces an
isomorphism of symplectic ﬁber bundles P(F0) → P(F1) .
Example 2.5 (Associated bundles with cotangent-sphere ﬁbers)We aremainly interested
in the following special case of the general construction. For any integer c ≥ 1, letSc denote
a sphere of dimension c and T∨Sc its cotangent bundle. Consider T∨Sc with canonical
symplectic formωT∨Sc and the canonical SO(c+1)-action. The action isHamiltonianwith
a moment map ΦT∨Sc whose zero-level set is Sc. Thus for any principal SO(c+ 1)-bundle
π : P → B the associated ﬁber bundle construction yields a symplectic ﬁber bundle
P(T∨Sc) over B. By functoriality, any automorphism τ of (T∨Sc,ωT∨Sc ,ΦT∨Sc ) induces
a bundle isomorphism τP(T∨Sc) : P(T∨Sc) → P(T∨Sc). The latter is an isomorphism of
symplectic ﬁber bundles on P(T∨Sc) .
The notion of Dehn twist is most familiar from Riemann surface theory, where a Dehn
twist denotes a diﬀeomorphism obtained by twisting around a circle on a handle. In
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[41], Seidel introduces a generalized notion of Dehn twist which is a symplectomorphism
around a Lagrangian sphere, called a generalized Dehn twist. The symplectomorphisms
we consider here are further generalized by allowing the twists to be ﬁbered, so that the
vanishing cycles are ﬁbered coisotropics. To save space, we call these simply ﬁbered Dehn
twists. We begin with the local model introduced by Seidel [41].
Definition 2.6 (Model Dehn twist, Seidel [41, Lemma 1.8]) For any sphere Sc, a model
Dehn twist τSc along the zero section Sc in the cotangent bundle T∨Sc is a compactly
supported symplectomorphism equal to the antipodal map on Sc, given as follows. Let
ζ ∈ C∞(R) be a function satisfying
ζ (t) = 0 for t ≥  and ζ (−t) = ζ (t)− t for all t ∈ R. (8)
In particular, ζ is compactly supported and ζ ′(0) = 1/2. Fix the standard Riemannian
structure on Sc and let
T∨Sc → R, v → |v|
denote the Riemannian norm. The norm is smooth on the complement of the zero section
and similarly for composition with ζ . The time 2π ﬂow of v → ζ (|v|) extends to a smooth
symplectomorphism τSc of T∨Sc. The ﬂow acts on the zero section by the antipodal map
given by
τSc |Sc : Sc → Sc, v → −v.
Furthermore, τSc is SO(c+1)-equivariant andpreserves themomentmap for the SO(c+1)-
action. Any two model Dehn twists given by diﬀerent choices of ζ are equivalent up to
symplectomorphism generated by a compactly supported Hamiltonian.
We construct ﬁbered Dehn twists along spherically ﬁbered coisotropics as follows.
Definition 2.7 Let (M,ω) be a symplectic manifold and C ⊂ M a spherically ﬁbered
coisotropic submanifold of codimension c ≥ 1, ﬁberingC → Bover a symplecticmanifold
(B,ωB), as in Deﬁnition 1.2.
(a) (Coisotropic embedding) Recall that C is diﬀeomorphic to an associated ﬁber bun-
dle P(Sc) := P ×SO(c+1) Sc, for some principal SO(c + 1)-bundle π : P → B. By the
coisotropic embedding theorem [14, p. 315], a neighborhood of C inM is symplec-
tomorphic to a neighborhood of the zero section in P(T∨Sc) as in Theorem 2.4.
(b) (Model ﬁbered Dehn twists) Any SO(c + 1)-equivariant model Dehn twist τT∨Sc :
T∨Sc → T∨Sc induces a symplectomorphism
τP(T∨Sc) : P(T∨Sc) → P(T∨Sc)
by functoriality of the associated symplectic ﬁber bundle construction as in Exam-
ple 2.5. Given a symplectomorphism φ of a neighborhood U of C ⊂ M with
P(T∨Sc) , we deﬁne a symplectomorphism τC : M → M by τP(T∨Sc) on the neigh-
borhood of C and the identity outside:
τC |U = φ−1τT∨P(Sc)|φ(U )φ, τC |M−U = IdM .
We call τC amodel ﬁbered Dehn twist along C .
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(c) (Fibered Dehn twists) A symplectomorphism τC of M is called a ﬁbered Dehn twist
along C if τC is Hamiltonian isotopic to a model Dehn twist.
Remark 2.8 The Hamiltonian isotopy class of a ﬁbered Dehn twist is independent of the
choice of localmodel andﬁberedDehn twist used in its construction:Any two localmodels
for a ﬁbered coisotropic are isotopic, by a family version of Moser’s construction. This
fact implies that any two ﬁbered Dehn twists τC,0, τC,1 deﬁned using diﬀerent local models
and model twists may be connected by a family τC,t . The vector ﬁeld vt := (τ−1C,t )∗ ddt τC,t ∈
Vect(M) vanishes on C and is necessarily Hamiltonian in a neighborhood of C .
2.3 Equivariant fibered Dehn twists
In this section, we discuss the interaction of equivariant ﬁberedDehn twists with symplec-
tic reduction. LetG bea compact connectedLie groupand (M,ω) a symplecticG-manifold.
A spherically ﬁbered coisotropic G-submanifold is an invariant coisotropic submanifold
C ⊂ M of codimension c ≥ 1 such that there exists
• a principal SO(c + 1)-bundle π : P → B equipped with an action of G by bundle
automorphisms (i.e., SO(c + 1)-equivariant diﬀeomorphisms) and
• a G-equivariant bundle isomorphism P ×SO(c+1) Sc ∼= C , where the G-action is
induced by the action on the ﬁrst factor.
Given such a coisotropic C , one obtains a G-equivariant Dehn twist on P(T∨Sc) by the
G-equivariant version of the associated symplectic ﬁber bundle construction. One obtains
aG-equivariant model ﬁbered Dehn twist onM via theG-equivariant coisotropic embed-
ding theorem. A G-equivariant symplectomorphism τ ∈ Diﬀ(M,ω) is a G-equivariant
ﬁbered Dehn twist if τ is equivariantly Hamiltonian isotopic to a model Dehn twist, that
is, Hamiltonian isotopic via a symplectomorphism generated by a family of G-invariant
Hamiltonians.
We now show that equivariant ﬁbered Dehn twists give rise to ﬁbered Dehn twists
in symplectic quotients. Let (M,ω) be a Hamiltonian G-manifold with moment map
Φ : M → g∨. The symplectic quotient ofM by G is
M//G := Φ−1(0)/G.
Assuming that G acts freely on Φ−1(0),M//G is a symplectic manifold with unique sym-
plectic form that lifts to the restriction of the symplectic form to Φ−1(0).
Lemma 2.9 Let (M,ω) be a Hamiltonian G-manifold with moment map Φ . Let C ⊂ M
be aG-invariant coisotropic submanifold. Suppose that 0 is a regular value ofΦ , the action
of G on Φ−1(0) is free, and C intersects Φ−1(0) transversally. The quotient
C//G := (C ∩ Φ−1(0))/G
is a coisotropic submanifold of M//G.
Proof The transversality TC  kerDΦ implies (kerDΦ)ω ∩ TCω = {0}. It follows that
(kerDΦ ∩ TC)ω = (kerDΦ)ω + TCω = (kerDΦ)ω ⊕ TCω .
Now (kerDΦ)ω ∼= g is the tangent space to the G-orbits and contained in TC . On the
other hand, TCω ⊆ TC since C is coisotropic. Hence
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(kerDΦ ∩ TC)ω ∩ (kerDΦ) ⊆ kerDΦ ∩ TC.
This implies T (C//G)ω ⊆ T (C//G). unionsq
Lemma 2.10 Suppose that C ⊂ M is a spherically ﬁbered G-coisotropic over a base B
where M is a Hamiltonian G-manifold with moment map Φ . Then Φ is constant on the
ﬁbers of C and the induced action ofG onB isHamiltonianwithmomentmapΦB : B → g∨
the unique map satisfying p∗ΦB = Φ|C.
Proof By assumption, the action of G on P is SO(c + 1)-equivariant and so induces an
action on B. For any ξ ∈ g, the inﬁnitesimal action ξM ∈ Vect(M) is tangent to C . Hence
Lv〈Φ , ξ 〉 = ω(ξM, v) = 0 for all ﬁber tangent vectors v ∈ T vertC = TCω. It follows that
Φ is constant on the ﬁbers of p : C → B. So Φ induces a map ΦB : B → g∨, satisfying
d〈ΦB, ξ 〉 = ι(ξB)ωB for all Lie algebra vectors ξ ∈ g as claimed. unionsq
Remark 2.11 (Quotients of spherically ﬁbered coisotropics are spherically ﬁbered) Sup-
pose that in the setting of Lemma 2.10, G also acts freely on Φ−1B (0). It follows that
B//G = Φ−1B (0)/G is a smooth symplectic quotient. Then the null foliation on C//G ﬁbers
over B//G: If p : C → B is the projection, then
C//G := (C ∩ Φ−1(0))/G = p−1(ΦB−1(0))/G p−→ ΦB−1(0)/G =: B//G.
Deﬁne P˜ = (P|ΦB−1(0))/G; this quotient is a principal SO(c + 1)-bundle over B˜ = B//G.
We have a bundle isomorphism P˜ ×SO(c+1) Sc ∼= C//G. It follows that C//G is spherically
ﬁbered in the sense of Deﬁnition 1.2.
In this setting, every G-equivariant ﬁbered Dehn twist along C descends to a ﬁbered
Dehn twist ofM//G along C//G:
Theorem 2.12 Let (M,ω) be a Hamiltonian G-manifold with moment map Φ such that
0 is a regular value of Φ and the action of G on Φ−1(0) is free. Let C ⊂ M be a spherically
ﬁbered G-coisotropic over a base B. Suppose that C intersects Φ−1(0) transversally and
that the induced action of G on the base Φ−1B (0) ⊂ B is free. Let τC ∈ Diﬀ(M,ω) be a
G-equivariant ﬁbered Dehn twist along C. Then the symplectomorphism
[τC ] : M//G → M//G, [m] → [τC (m)],
is a ﬁbered Dehn twist [τC ] =: τC/G along C//G.
Proof By deﬁnition, τC is Hamiltonian isotopic to a model Dehn twist on P(T∨Sc) given
by τ 0C : [p, v] → [p, τSc (v)]. The latter is G-equivariant since the G-action commutes with
the SO(c+1) action. AnyG-equivariant local model P(T∨Sc) → M induces a local model
given by a symplectomorphism of a neighborhood of the zero section in P˜(T∨Sc) toM//G.
One obtains from the local model a Dehn twist
τ 0C/G : [p˜, v] → [p˜, τSc (v)]
on P˜(T∨Sc) along C//G. The equivariant Hamiltonian isotopy of τC to τ 0C induces a
Hamiltonian isotopy of τC/G to τ 0C/G . This completes the proof. unionsq
2.4 Lefschetz–Bott fibrations associated with fibered Dehn twists
In this section, we explain that any ﬁberedDehn twist appears as themonodromy of a sym-
plectic Lefschetz–Bott ﬁbration. Conversely, the monodromy of a symplectic Lefschetz–
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Bott ﬁbration is given by a ﬁbered Dehn twist up to isotopy by Theorem 2.14 of Perutz
[33] recalled below. (Theorem 2.14 is not used in this paper; we mention it only for its
conceptual importance linking Lefschetz–Bott ﬁbrations and ﬁbered Dehn twists.)
Proposition 2.13 Let M be a symplectic manifold, C ⊂ M a spherically ﬁbered
coisotropic, and τC : M → M a ﬁbered Dehn twist around C. There is a standard
Lefschetz–Bott ﬁbration EC with generic ﬁber M and symplectic monodromy τC .
Proof Let p : C → B denote the ﬁbration, and P → B the associated SO(c + 1)-bundle.
Recall from [41] the symplectic Lefschetz ﬁbration associated with a model Dehn twist.
Given the standard representation of SO(c + 1) on V = Cc+1, we have a vector bundle
P(V ) := (P × V )/SO(c + 1) → B.
Let
ωV ∈ 	2(V ), ΦV : V → so(c + 1)∨
denote the symplectic form and moment map for the SO(c + 1)-action induced from the
identiﬁcation V → T∨Rc+1. The associated symplectic ﬁber bundle construction above
produces a closed form ωP(V ) on P(V ), equal to ωB on B and equal to ωV on the ﬁber V .
The map




is SO(c + 1)-invariant and has a single Morse singularity. By the associated bundle con-
struction πV induces the structure of a Lefschetz–Bott ﬁbration on a neighborhood of the
zero section of P(V ) over C. Let Sc ⊂ Rc+1 ⊂ V denote the unit sphere and
Tz :=
√




By [41, (1.17)] the symplectic form on V can be changed slightly so that the symplectic
monodromy around 0 is a Dehn twist along Sc. By [41, 1.13] there exists an isomorphism
of Hamiltonian SO(c + 1)-manifolds
V − T → C × (T∨Sc − Sc).
By the coisotropic embedding theorem, a neighborhood of C in M is symplectomorphic
to the ﬁber bundle P(U ), whereU is a neighborhood of the zero section inT∨Sc. It follows
that P(V ) − P(T ) is symplectomorphic to P(C × T∨Sc − Sc) in a neighborhood of P(T )
resp. P(C × Sc). By replacing a neighborhood of C ×C in C ×M with a neighborhood of
P(T ) in P(V ), one obtains a Lefschetz–Bott ﬁbration EC → C with monodromy τC . unionsq
Theorem 2.14 [33, Theorem 2.19] Suppose thatπ : E → S is a symplectic Lefschetz–Bott
ﬁbration, and s0 ∈ Scrit is such that π−1(s0) ∩ Ecrit has a unique connected component.
Then the symplectic monodromy around s0 is a ﬁbered Dehn twist.
2.5 Further examples of fibered Dehn twists
Fibered Dehn twists are often induced by ﬂows of components of moment maps. First let
U (1) = {z ∈ C | |z| = 1} denote the circle group. We identify the Lie algebra ofU (1) with
R via division by 2π i. The integers Z = exp−1(1) are then the coweight lattice. Let (M,ω)
be a symplectic manifold, andM0 ⊂ M an open subset equipped with a free Hamiltonian
action of U (1) with moment map Φ : M0 → (c−, c+).
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Proposition 2.15 (Fibered Dehn twists via Hamiltonian circle actions) Let ψ ∈
C∞[c−, c+] be a function such that ψ ′ = 1 on a neighborhood of c+, and ψ ′ = 0 on a
neighborhood of c−. Then the time-one ﬂow of ψ ◦ Φ on M0 extends to a smooth ﬂow on
M equal to the identity on the complement of M0 and the extension is a ﬁbered Dehn twist
along Φ−1(c) for any c ∈ (c−, c+). If M0 is a Hamiltonian G-manifold for a compact Lie
group G and ψ is G-invariant, then this ﬁbered Dehn twist is equivariant.
Proof Let ψ be as in the statement of the Proposition. We have








∈ Vect(M0) is the generating vector ﬁeld for the action. Hence the ﬂow ofψ ◦Φ
is rotation by the angle 2πψ ′. The rest is immediate from the deﬁnitions. unionsq
Remark 2.16 (Standard Dehn twists as symplectic Dehn twists) Standard Dehn twists
of complex curves arise from the construction in 2.15 as follows. Suppose that M is a
complex curve and C → M an embedded circle equipped with an identiﬁcation C ∼= S1.
Choose an area formωM onM. SinceC ⊂ M is Lagrangian, by the Lagrangian embedding
theorem there exists a tubular neighborhoodM0 = C × (c−, c+) on which the symplectic
form is standard. Then the U (1) action by rotation on the left factor of M0 is free, and
the projection Φ on the second factor is a moment map. For any ψ with the properties in
Proposition 2.15, the ﬂow of ψ ◦ Φ is a standard Dehn twist.
Next we consider Dehn twists induced by ﬂows of moment maps of SU (2)-actions. We
ﬁx a metric on the Lie algebra su(2) so that nonzero elements ξ with exp(ξ ) = 1 have
minimal length 1.
Proposition 2.17 (Fibered Dehn twists via Hamiltonian SU (2)-actions) Suppose that
(M,ω,Φ) is a Hamiltonian SU (2)-manifold with moment map Φ : M → su(2)∨ and
the stabilizer H of the action of SU (2) on any point in Φ−1(0) is trivial resp. U (1). Let
ψ ∈ C∞c [0,∞) be a compactly supported function such that ψ ′ = 1/2 in a neighborhood
of 0. Then Φ−1(0) is a spherically ﬁbered coisotropic of codimension 3 resp. 2 and the ﬂow
of ψ ◦ |Φ| is a Dehn twist along Φ−1(0).
Proof The zero-level set P := Φ−1(0) is aG-equivariantG/H-bundle over the symplectic
quotientM//G, by the assumption on stabilizers and existence of local slices. We identify
G/H ∼= Sc with c = 3 resp. c = 2, in the trivial stabilizer resp. U (1)-stabilizer case. We
show that P is induced from an SO(c + 1) principal bundle and that the ﬂow of ψ ◦ |Φ| is
obtained by a Dehn twist by the symplectic ﬁber bundle construction.
Consider the case of trivial stabilizers. By the coisotropic embedding theorem, there
exists an equivariant symplectomorphism of a neighborhood ofΦ−1(0) inM with a neigh-
borhood of the zero section in
(T∨G)×G P ∼= P × g∨,
where the quotient is by the diagonal action g(v, p) = (Rg−1 ,∗v, gp) and Rg−1,∗ : T∨G →
T∨G is induced by the right action of G. The moment map for the action in the local
model is
Φ : (T∨G)×G P → g∨, [v, p] → ΦT∨G(v),
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where T∨G is the moment map for the left action of G on φ. The norm
|Φ| : (T∨G)×G P → R≥0, ([v, p]) → |v|,
is identiﬁed with the norm on the ﬁbers T∨Sc. Thus the function ψ ◦ |Φ| is that in the
deﬁnition of ﬁbered Dehn twist. The claim follows.
In the case of circle stabilizers, denote the ﬁxed point set of the action of the circle
subgroup H of diagonal matrices
PH ⊂ P, {hp = p | ∀h ∈ H}.
The set PH is a double cover of M//G, since there are two H-ﬁxed points (the poles) in
each ﬁber G/H ∼= S2. The local model in this case is
T∨(G/H )×N (H ) PH ∼= G ×N (H ) (PH × (g/h)∨).
Since the center Z ⊂ N (H ) acts trivially on P, we may write
T∨(G/H )×N (H ) PH ∼= T∨(G/H )×G/Z ((G/Z)×N (H ) PH ),
where now G/Z ×N (H ) PH is a G/Z ∼= SO(3) bundle. The moment map is given by
Φ : (T∨(G/H ))×G P → g∨, [v, p] → ΦT∨(G/H )(v),
and the norm is again the Riemannian norm of the cotangent vector in the local model.
unionsq
3 Fibered Dehn twists onmoduli spaces of flat bundles
This section describes a natural collection of ﬁbered Dehn twists on moduli spaces of ﬂat
bundles, which are our motivating examples.
3.1 Moduli spaces of flat bundles
We ﬁrst recall the construction of symplectic structures on moduli spaces of ﬂat bundles
on surfaces with markings, that is, ﬂat bundles on the complement of the markings with
holonomies around them in ﬁxed conjugacy classes.
Definition 3.1 (a) (Conjugacy classes in compact 1-connected Lie groups) Let G be
a simple compact, 1-connected Lie group, with maximal torus T and Weyl group
W = N (T )/T . Let g, t denote the Lie algebras of G and T . We choose a highest
root α0 ∈ t∨ and positive closed Weyl chamber t+ ⊂ t. Conjugacy classes in G are
parametrized by the Weyl alcove
A := {ξ ∈ t+, α0(ξ ) ≤ 1},
see [36]. For any μ ∈ A, we denote by
Cμ = {g exp(μ)g−1, g ∈ G}
the corresponding conjugacy class. Inverting each conjugacy class deﬁnes an invo-
lution
∗ : A → A, C∗μ = C−1μ . (11)
In the case G = SU (2), we identify t ∼= R and A ∼= [0, 1/2] so that
Cμ = {Ad(g) diag(exp(2π iμ),− exp(2π iμ))}. (12)
Wehrheim and Woodward Res Math Sci (2016) 3:17 Page 16 of 75
In particular,
C1/4 = {A ∈ SU (2) | Tr(A) = 0}
is the conjugacy class of traceless elements of SU (2).
(b) (Marked surfaces) By a marked surface we mean a compact oriented connected
surface X equipped with a collection of distinct points
x = (x1, . . . , xn) ∈ Xn
and a collection of labels
μ = (μ1, . . . ,μn) ∈ An.
For simplicity, we denote such a surface (X,μ).
(c) (Holonomies) Let P → X be a G-bundle equipped with a ﬂat connection A ∈ A(P).
Parallel transport around loops in X gives rise to a holonomy representation
π1(X) → G.
In particular, for any point x ∈ X a small loop around x deﬁnes a conjugacy class in
π1(X), obtained by joining the loop to a base point, and the holonomy around x is
well deﬁned up to conjugacy.
(d) (Moduli spaces of bundles on marked surfaces) Let (X,μ) be a marked surface. Let
M(X,μ) denote the moduli space of isomorphism classes of ﬂat G-bundles on X −
{x1, . . . , xn} with holonomy around xi conjugate to exp(μi), for each i = 1, . . . , n,
see, e.g., Meinrenken andWoodward [31]. IfM(X,μ) contains no reducible bundles
(bundles with non-central automorphisms), then M(X,μ) is a compact symplectic
orbifold.
Remark 3.2 (a) (Action of central bundles) Let Z denote the center of G. Let MZ(X)
denote the moduli space of Z-bundles on X with trivial holonomy around the mark-
ings. The groupmultiplication onZ induces a group structure onMZ(X), isomorphic
to Z2g where g is the genus of X . The action of Z on G induces a symplectic action
ofMZ(X) onM(X,μ)
MZ(X)×M(X,μ) → M(X,μ)
corresponding to twisting the holonomies by elements of Z.
(b) (Combining central markings) A labelμ ∈ A is central if exp(μ) lies in the centerZ of
G. In the case G = SU (r), the central labels are the vertices of the alcove A. Several
central labels may be combined into a single central label as follows: Suppose that
λ1 ∈ A resp. λ2 ∈ A are labels corresponding to z1, z2 ∈ Z, and λ12 ∈ A is the label
that corresponds to z1z2 ∈ Z. Then there is a symplectomorphism
M(X, λ1, λ2, λ3, . . . , λn) → M(X, λ12, λ3, . . . , λn).
This follows immediately from the description of themoduli space as representations
of the fundamental group as in (17).
Remark 3.3 (Moduli of ﬂat bundles as a symplectic quotient by the loop group) The
moduli space of ﬂat bundles may be realized as the symplectic quotient of the moduli
space of framed bundles on a cut surface described in [31].
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First we introduce notation for the cut surface. Let Y ⊂ X be an embedded circle, that
is, a compact, oriented, connected one-manifold, disjoint from the markings x. Let Xcut
denote the surface obtained from X by cutting along Y as in Fig. 1, with boundary com-
ponents (∂Xcut)j ∼= S1, j = 1, 2. The cut surface Xcut may be disconnected or connected
depending on whether Y is separating.
Themoduli space of framed ﬂat bundles on the cut surface naturally has an action of two
copies of the loop group, acting by changing the framings. Let M(Xcut ,μ) be the moduli
space of ﬂat bundles with framings (trivializations) on the boundary of Xcut:
M(Xcut ,μ)
= {P → Xcut , A ∈ A(P), φ : P|∂Xcut → ∂Xcut × G | curv(A) = 0}/ ∼ .
Equivalently, in the case of simply connected structure group, M(Xcut ,μ) is the quotient
of ﬂat connections by gauge transformations which vanish on the boundary. Working
in suitable spaces of completions the moduli space M(Xcut ,μ) is a symplectic Banach
manifold, with symplectic form given by the usual pairing of one forms and integration.
Let LG = Map(S1, G) denote the loop group of G, with multiplication given by pointwise
multiplication. Any element g ∈ LG2 acts onM(Xcut ,μ) by changing the framing:
g(P, A,φ) = (P, A, (1 × g)φ).
The moment map for the action of LG2 is restriction to the boundary
(Φ1,Φ2) : M(Xcut ,μ) → 	1(S1, g)2, A → τφ(A|∂Xcut), (13)
where τφ : A(P|∂Xcut) → 	1(S1, g)2 is the parametrization of the space of connections
induced by φ. Since the orientations on the two extra boundary circles are opposite, the
diagonal action of LG has moment map Φ given by the diﬀerence of the moment maps
for each boundary component:
Φ = Φ1 − Φ2 : M(Xcut ,μ) → 	1(S1, g).
Taking the quotient by the diagonal loop group action recovers themoduli space for the
original surface: By [31] M(X,μ) is naturally symplectomorphic (on the smooth locus) to
the symplectic quotient ofM(Xcut ,μ) by the diagonal action of LG, that is,
M(X,μ) ∼= M(Xcut ,μ)//LG.
In particular, the symplectic structure on M(X,μ) descends from a symplectic structure
onM(Xcut ,μ).
Locally the loop group actions admit ﬁnite-dimensional slices and so the inﬁnite-
dimensional quotients above are equivalent to ﬁnite-dimensional quotients [31]. In par-
ticular, let A◦ ⊂ A denote the interior of the alcove. For example, for SU (2), we have as
in (12)




[A] ∈ M(X,μ) | A|U = ξdθ , ξ ∈ A◦
}
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be the subset consisting of connections of “standard form” ξdθ , ξ ∈ A◦ in a neighborhood
U of the circle Y . Similar let
M(Xcut ,μ)◦ = Φ−1((A◦)2) =
{
[A] ∈ M(Xcut ,μ)
∣∣∣
∣∣




The locusM(Xcut ,μ)◦ is an open subsets ofM(Xcut ,μ), dense if non-empty, which is the
quotient by the diagonal action of the maximal torus T :
M(X,μ)◦ = M(Xcut ,μ)◦//T, (15)
see [31]. More generally, for any face σ of the alcove let LGσ denote the stabilizer of any
point in σ . The stabilizer LGσ is isomorphic to a ﬁnite-dimensional subgroup of G via





the slice for the action of LG on Lg∨ at σ . Then
M(Xcut ,μ)σ := (Φ1 × Φ2)−1(Aσ × Aσ )
is a Hamiltonian LG2σ space whose quotient
M(X,μ)σ := M(Xcut ,μ)σ //LGσ (16)






3.2 Symplectomorphisms induced by Dehn twists
Any Dehn twist on a marked surface induces a symplectomorphism of the moduli space
of ﬂat bundles. In this section, we explicitly describe this symplectomorphism as the
Hamiltonian ﬂow of a non-smooth function.
We begin by setting up notation for symplectomorphisms of moduli spaces induced by
diﬀeomorphisms of the underlying surface. Let (X,μ) be a marked surface. Let Diﬀ+ ⊂
Diﬀ(X) denote the group of orientation-preserving diﬀeomorphisms ofX andMap+(X,μ)
the group of isotopy classes of orientation-preserving diﬀeomorphisms φ of X preserving
the labels μ:
Map+(X,μ) = {φ ∈ Diﬀ+(X) |φ({xi}) = {xi}, φ(xi) = xj =⇒ μi = μj ∀i, j}/ ∼ .
The following is elementary and left to the reader:
Proposition 3.4 (Symplectomorphisms associated with mapping class group elements)






















In particular, a Dehn twist on the surface induces a symplectomorphism of the moduli
space of bundles. Our aim is to describe this symplectomorphism as a Hamiltonian ﬂow
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of a function relating to the holonomy. The space of connections on the trivial bundle
S1 × G → S1 may be canonically identiﬁed with the space of g-valued one forms
Lg∨ := 	1(S1, g).
Denote π : R → S1 and let
γt0 ,t1 (t) = π (t0 + t(t1 − t0)), t ∈ [0, 1],
denote the standard path from t0 to t1. Parallel transport along γt0 ,t1 deﬁnes a map
ρt0 ,t1 : Lg∨ → G.
Given an embedded oriented circle Y in X disjoint from the markings, we suppose that Y
is the image of a path
Y = ι([0, 1]), ι : [0, 1] → X, ι(0) = ι(1)
such that ι|(0, 1) is an embedding. Let ρ0,1 denote parallel transport once around Y and
deﬁne
ρY : M(X,μ) → A, [A] → [ρ0,1(A|Y )],
by mapping an equivalence class of ﬂat connections [A] to the conjugacy class of the
holonomy of any representative A around Y . The map ρY is independent of the choice of
base point on Y . Let
hY : M(X,μ) → R≥0, [A] → (ρY ([A]), ρY ([A]))/2.
The function hY is smooth on the inverse image ρ−1Y (A◦) of the interior A◦ of the Weyl
alcove.
Proposition 3.5 (The action of a Dehn twist is a Hamiltonian ﬂow, c.f. [2, Theorem 4.5])
Let (X,μ) be a marked surface such that M(X,μ) contains no reducibles, Y ⊂ X an
embedded circle and τY : X → X a Dehn twist around Y . Then τY acts on M(X,μ) by
the time-one Hamiltonian ﬂow of hY on ρ−1Y (A◦). In particular, the time-one Hamiltonian
ﬂow of hY extends smoothly to all of M(X,μ).
The idea of the proof is to describe the twist upstairs on the moduli space of the cut
surface and then descend to the glued surface. Recall from Remark 3.3 that the moduli
spaceM(Xcut ,μ) has an LG2-action. In particular, the action of LG2 restricts to an action
of the subgroup of constant loops G2. For [A] ∈ M(Xcut ,μ), the notation
(1, ρ0,1(A|(∂Xcut)2))[A] ∈ M(Xcut ,μ)
indicates the connection obtained by acting by the holonomy ρ0,1(A|(∂Xcut)2) of the con-
nection on the second component of the boundary (∂Xcut)2.
Lemma 3.6 The twist τY acts onM(Xcut ,μ) by changing the framing of A by the holonomy
along the second boundary component:
(τ−1Y )∗ : M(Xcut ,μ) → M(Xcut ,μ), [A] → (1, ρ0,1(A|(∂Xcut)2))[A].
Proof Since a Dehn twist along a circle in a Riemann surface is only deﬁned up to iso-
topy, we may assume that τY is a Dehn twist along a small translation of the boundary
component (∂Xcut)2. This twist induces a Dehn twist on Xcut, also denoted τY .
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Step 1: We show that on the cut surface Xcut the Dehn twist τY maps any connection to a
gauge equivalent connection. Suppose ﬁrst that Xcut is connected, and choose a base point
x0 ∈ Xcut. Given a connection A, the connections A, (τ−1Y )∗A determine representations
of the fundamental group
HolA : π1(Xcut , x0) → G, Hol(τ−1Y )∗A : π1(Xcut , x0) → G (17)
given by mapping any homotopy class of loops to the holonomy of the connection. The
two representations are equal, since the generators of π1(Xcut , x0) have representatives
that are disjoint from the support of τY (or alternatively, since τY is homotopic to the
identity). Therefore, (τ−1Y )∗A is gauge equivalent to A.
Step 2: We compute the gauge transformation relating the two connections above on the
boundary. The necessary gauge transformation g : X → G given by the diﬀerence in
parallel transports of A and (τ−1Y )∗A. For any x ∈ Xcut, choose a path γx from x0 to x and
let ρA(γx) ∈ G denote parallel transport along γx using the connection A, and similarly
for the pullback connection (τ−1Y )∗A. Deﬁne a gauge transformation





The gauge transformed connection gA has parallel transport along γx given by
ρ(τ
−1













parallel transport from 0 to t along the boundary (∂Xcut)2 ∼= S1. Deﬁne a path from x0 to
x2 on the boundary, identiﬁed with t ∈ S1 by concatenating a path from x0 to x1 and a
path from 0 to t in S1. The parallel transports of A resp. (τ−1Y )∗A are
ρA(γx2 ) = ρ0,tρA(γx1 ), ρ(τ
−1
Y )∗Ax2 = ρ0,tρ(τ
−1
Y )∗A(γx1 ) = ρ0,tρ0,1ρA(γx1 ).
It follows that (18) is given at points t on the second boundary component (∂X)2 ∼= S1 by
g(t) = ρ0,tρ0,1g0(ρ0,t g0)−1 = ρ0,tρ0,1ρ−10,t . (19)
Step 3: We identify the gauge transformation on the boundary with the loop group element
in the statement of the Lemma. We simplify the formula (19) as follows. After gauge
transformation, we may assume that the restriction of A to (∂Xcut)2) is of the form ξ2dθ ,
for some ξ2 ∈ g. The set of group elements ρ0,t = exp(tξ2) forms a one-parameter
subgroup and ρ0,t and ρ0,1 commute. Hence
g |(∂Xcut)2 = ρ0,1 = exp(ξ2), g |(∂Xcut)1 = 1
as claimed. The case that Xcut is disconnected is similar, using that τY is trivial on one of
the components. unionsq
Proof of Proposition 3.5 By Lemma 3.6, the restriction of (τ−1Y )∗ toM(Xcut ,μ)◦ of (14) has
the form
M(Xcut ,μ)◦ → M(Xcut ,μ)◦, [A] → (1, exp(ξ2))[A].
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Thus the action of τY is given by the time-one Hamiltonian ﬂow of the function
h˜Y : M(Xcut ,μ)◦ → R, [A] → (ξ2, ξ2)/2.
The Proposition follows since the restriction of h˜Y to the zero-level set inM(Xcut ,μ) is a
lift of hY . unionsq
For later use, we recall the following facts about level sets of holonomy maps. These
facts follow from the gluing equals reduction principle in Meinrenken-Woodward [31,
Section 3.4]. We recall the involution ∗ : A → A from (11). Let Xcap denote the surface
obtained from Xcut capping oﬀ with a pair of disks, with an additional marked point on
each disk, as in Fig. 1.
Lemma 3.7 (Quotients of holonomy level sets)Let (X,μ) be amarked surface, andY ⊂ X
an embedded circle. For any λ ∈ A, let Gexp(λ) denote the centralizer of exp(λ). The product
Gexp(λ) × Gexp(λ) acts on Φ−11 (λ)× Φ−12 (λ) with diagonal quotient resp. full quotient
ρ−1Y (λ) ∼= (Φ−11 (λ)× Φ−12 (λ))/Gexp(λ),
M(Xcap,μ, λ, ∗λ) ∼= (Φ−11 (λ)× Φ−12 (λ))/G2exp(λ).
If all points in the level set of (λ, λ) have the same stabilizer H ⊂ G2exp(λ) up to conjugacy,
then
ρ−1Y (λ) → M(Xcap,μ, λ, ∗λ)
is a Gexp(λ)\G2exp(λ)/H-ﬁber bundle and equips ρ−1Y (λ) with the structure of a ﬁbered
coisotropic.
3.3 Full twists for rank two bundles
In this section, we show that Dehn twists on a surface induce ﬁbered Dehn twists of the
moduli space of ﬂat rank two bundles with trivial determinant. The following is a slight
generalization of a result of Callahan (unpublished) resp. Seidel [39, Section 1.7] in the
case of a separating resp. non-separating curve on a surface.
Theorem 3.8 (For G = SU (2), Dehn twists on the surface act by ﬁbered Dehn twists on
the moduli space) Suppose G = SU (2), and (X,μ) is a marked surface such that M(X,μ)
contains no reducibles. Let Y ⊂ X be an embedded circle.
(a) (Separating case gives a codimension one Dehn twist) If Y is separating then τY acts
on M(X,μ) by a ﬁbered Dehn twist along the ﬁbered coisotropic
Cλ := ρ−1Y (λ)
for any λ ∈ (0, 12 ) such that M(X,μ, λ, ∗λ) contains no reducibles.
(b) (Non-separating case gives a codimension three Dehn twist) If Y is non-separating





Fig. 1 Capping oﬀ a surface
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C1/2 := ρ−1Y (1/2)
of bundles with holonomy along Y equal to exp(1/2) = −I ∈ SU (2).
Proof We have already expressed the action of the Dehn twist as the action of holonomy
in Proposition 3.5. It remains to identify these ﬂows as Dehn twists in the rank two case.
For this, it suﬃces as in Theorem 2.12 to show that the corresponding Dehn twists induce
equivariant Dehn twists on the moduli space of the cut surface.
Step 1: we compute the generic stabilizers, in order to establish that the level sets in the
statement are ﬁbrations, and examine the action of the Dehn twists on the level sets. By
the irreducible-free assumption, the generic stabilizer of the LG2 action on M(Xcut ,μ)
is canonically identiﬁed with Z#π0(Xcut), where Z is the center of G and #π0(Xcut) is the
number of components; the identiﬁcation is via evaluation at any point on the boundary.
By Lemma 3.7, the level set ρ−1Y (λ) with λ ∈ (0, 1/2) resp. λ = 1/2 is a ﬁbered coisotropic
with ﬁber
Gexp(λ)\G2exp(λ)/H = U (1)\U (1)2/(Z2 × Z2) ∼= S1
in the non-separating case and
Gexp(λ)\G2exp(λ)/H = SU (2)\SU (2)2/Z2 ∼= S3
in the separating case. Explicitly, the latter isomorphism is given by
SU (2)\SU (2)2/Z2 → SU (2) ∼= S3, [a, b] → a−1b.
Step 2: We establish the Theorem in the separating case. We write the moduli space as a
ﬁnite-dimensional quotient in a neighborhood of the ﬁbered coisotropic in the statement.
Denote the subset with generic holonomy
M(X,μ)◦ = M(Xcut ,μ)◦//T = ρ−1Y (A◦).
Since M(Xcut ,μ)◦ has a T × T -action, there is a residual T -action on M(X,μ)◦ with
generic stabilizer Z#π0(Xcut)−1. The action of τY on M(X,μ)◦ is Hamiltonian isotopic to
a symplectomorphism given by Proposition 3.5 as the Hamiltonian ﬂow of ρ2Y /2 on the
complement of ρ−1Y (0), ρ
−1
Y (1/2).
We use a small Hamiltonian deformation to construct a symplectomorphism that is
supported on a neighborhood of a ﬁbered coisotropic. Let σ = {1/2} ⊂ A denote the
endpoint of the alcove. By (16), a neighborhood of ρ−1Y (1/2) is the symplectic reduction in
a neighborhood of a cross section forΦ−11 (1/2)×Φ−11 (1/2) ⊂ M(Xcut ,μ) by a diagonalG
action. More precisely, evaluation a base points deﬁnes an isomorphism LG2(1/2,1/2) ∼= G2.
The maximal slice at (1/2, 1/2) is
A2σ = LG2(1/2,1/2)(0, 1/2]2 ⊂ Lg∨(1/2,1/2).
Then the quotient ofM(Xcut ,μ)σ = (Φ1 × Φ2)−1(A2σ ) by LGσ ∼= G is a neighborhood of
ρ−1Y (1/2). The function Φ22/2− (Φ2/2− 1/8) onM(Xcut ,μ)◦ is equal to the restriction of
the function ‖Φ2 − 1/2‖2/2 onM(Xcut ,μ)1/2 which is smooth. Let
β ∈ C∞(M(X,μ)), β|
ρ−1Y (1/2)
= 1,
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be an cutoﬀ function equal to 1 near ρ−1Y (1/2) and supported in a small neighborhood of
ρ−1Y (1/2). The function
− β(ρ2Y /2− (ρY /2− 1/8)) ∈ C∞(M(X,μ)◦) (20)
has as smooth extension toM(X,μ), which agrees with the action of (τ−1Y )∗ near ρ
−1
Y (1/2)
since the time-one ﬂowofρY /2−1/8 is the identity.Hence composing the action of (τ−1Y )∗
with this ﬂow yields an equivariant symplectomorphism that is the identity near ρ−1Y (1/2),
and is Hamiltonian isotopic to the original symplectomorphism. A similar modiﬁcation
produces a equivariantHamiltonianperturbationof (τ−1Y )∗ that is the identitynearΦ
−1
2 (0).
It now follows from the results on equivariant Dehn twists that the Dehn twist on the
surface acts by a ﬁbered Dehn twist on the moduli space. That is, (τ−1Y )∗ is a Dehn twist
along any Φ−12 (λ) ⊂ M(Xcut ,μ)◦ for λ generic. By Proposition 2.15, (τ−1Y )∗ acts as an
equivariant Dehn twist on M(Xcut ,μ)◦. By Theorem 2.12, the action of (τ−1Y )∗ descends
to a ﬁbered Dehn twist onM(X,μ).
Step 3: We establish the Theorem in the non-separating case. As before, a neighborhood
of the coisotropic is given as a symplectic reduction in a ﬁnite-dimensional manifold. The
level set
C˜1/2 = Φ−12 (1/2) ⊂ U ⊂ M(Xcut ,μ)
is an equivariant ﬁbered coisotropic in the ﬁnite-dimensional manifold U since it is the
zero-level set of a moment map for a free action. Lemma 3.6 shows that (τ−1Y )∗ is an
equivariant ﬁbered Dehn twist around C˜1/2. Again a Hamiltonian perturbation gives a
symplectomorphism that acts by the identity on a neighborhood of ρ−1Y (0). It follows from
Theorem 2.12 that (τ−1Y )∗ acts onM(X,μ) by a ﬁbered Dehn twist aroundC1/2 = C˜1/2//G.
unionsq
3.4 Half twists for rank two bundles with fixed holonomies
In this section, we show that a half twist on amarked surface (X,μ) induces a ﬁberedDehn
twist on the moduli spaceM(X,μ) of ﬂat G = SU (2) bundles with ﬁxed holonomy.
Definition 3.9 (Half twist and corresponding coisotropic) Given a pair of points xi, xj ∈ X
with the same label μi = μj , let Y denote a circle around xi, xj and
τY : X → X, xi → xj, xj → xi




[A] ∈ M(X,μ), ρY ([A]) = 0
}
.
Example 3.10 (Moduli spaces of ﬂat bundles on the sphere punctured ﬁve times) Let




(g1, . . . , g5) ∈ C51/4
∣∣ g1 . . . g5 = 1
}
/G
is real dimension four. The real manifold M(X,μ) admits the structure of a del Pezzo
surface obtained by blowing up the projective plane at four points. This fact follows from
the existence of a Kähler structure by the Mehta–Seshadri theorem [30], and computing
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its homology by any number of standard techniques and noting the rationality of the
moduli space or by the more detailed discussion in [24]. The submanifold CY from (3.9)
given by a loop Y around the ith and jth marking is a Lagrangian sphere described as
bundles whose holonomy along a loop containing the ith and jth markings is the identity:
CY = {gigj = 1} ⊂ M(X,μ).
The intersection diagramof these Lagrangians reproduces the root systemA4 correspond-
ing to the ﬁfth del Pezzo, discussed in general in Manin [26]. After choosing suitable gen-
erators for the fundamental group, wemay assume that i, j are adjacent. Themoduli space
M(X,μ) can be described as the moduli space of closed spherical polygons in S3 ∼= SU (2)
with side lengths π and vertices
1, g1, g1g2, . . . , g1g2g3g4g5 = 1.
The submanifold CY consists of closed spherical polygons of side lengths π such that the
i and jth edges are opposite. That is, the polygon consists of a bigon and a triangle as in
Fig. 2. Let Yi(i+1), Y(i−1)i ⊂ X be small circles around the pairs consisting of i, i + 1 resp.
i − 1, ith markings. The intersection CYi(i+1) , CY(i−1)i is the conﬁguration where the bigon
is coincident with the i + 1th edge of the triangle as in Fig. 3, see [47, Section 5] for more
discussion. More generally, in the case of 2n+ 1 markings, the coisotropics Cij consist of
conﬁgurations composed of a bigon and an 2n−1-gon; each is S2-ﬁbered over the moduli
space with 2n− 1 markings by forgetting the bigon. Applied to the case X = S2 with ﬁve
markings, this construction gives a lift of generators of the action of the Weyl group S4
(the symmetric group on ﬁve letters) of type A4 on homology to Dehn twists on the ﬁfth
del Pezzo. A lift of the action to the braid group is discussed in Seidel [38].
The following is slight generalization of a result of Seidel [39].
Theorem 3.11 (For G = SU (2) half twists around pairs of markings act by codimension
two ﬁbered Dehn twists on the moduli space) Let G = SU (2). Let (X,μ) be a marked
i
j
Fig. 2 Coisotropic of degenerate conﬁgurations
Fig. 3 Conﬁguration in the intersection of two coisotropics
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surface such that M(X,μ) contains no reducibles and μi = μj = 1/4. Let Y ⊂ X be an
embedded circle disjoint from the markings that is the boundary of a disk containing xi, xj .
Then the set CY from (3.9) is a spherically ﬁbered coisotropic submanifold of codimension
2, and the action of τY on M(X,μ) is a ﬁbered Dehn twist along CY .
Proof First show thatM(X,μ−{μi,μj}) is smooth, or equivalently, contains no reducible
representations. Indeed, note that the stabilizers of
(gi, gj), gigj = 1, gi, gj ∈ C1/4
range over all one-parameter subgroups of SU (2).Hence if somepoint inM(X,μ−{μi,μj})
has a one-parameter group of automorphisms, then there is also a point inM(X,μ) with a
one-parameter group of automorphisms. SinceM(X,μ) contains no reducibles,M(X,μ−
{μi,μj}) also contains no reducibles.
By Lemma 3.7, the constancy of generic stabilizer implies the existence of a ﬁbered
coisotropic. Let
Xcut = Xcut,1 unionsq Xcut,2, {xi, xj} ⊂ Xcut,2,
denote the surface obtained by cutting X into two components Xcut,1, Xcut,2 along Y ,
so that Xcut,2 contains the markings xi, xj . The generic stabilizer H from (3.9) is the
product of stabilizers for the two factors, since Y is disconnecting: The center Z = Z2
forM(Xcut,1,μ − {μi,μj}) by the previous paragraph, and the maximal torus U (1) for the
right factor M(Xcut,2,μi,μj). By 3.7 CY ⊂ M(X,μ) from (3.9) is a ﬁbered coisotropic of
codimension 2 with ﬁber
Gexp(λ)\G2exp(λ)/H = SU (2)/(Z2 ×U (1)) ∼= S2.
To describe the action of the half twist, we ﬁrst describe the action of the half twist on
the moduli space of the cut surface. By restriction an element of M(Xcut ,μ) gives a ﬂat
connection on the twice-punctured diskXcut,2−{xi, xj}, with holonomies gi, gj around the






∈ N (T )
be a representative of the non-trivial element w of the Weyl groupW ∼= Z2. The inverse
is
n−1 = −n ∈ C1/4.
Furthermore, the stabilizer Gn acts on C1/4 by rotation ﬁxing n and n−1. The set nT is
diﬀeomorphic to a circle passing through n. Thus after conjugating gi, gj by some g ∈ G,
we may assume
gi = n, gj = tn
for some t ∈ T . We compute the action of the half twist on the holonomies: For the ith
holonomy












(the square root is unique up to an element of the center, which acts trivially). On the
other hand, for the jth holonomy
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This shows that τY acts on gi, gj by conjugation by Ad((−gigj) 12 ). As in the case of a full
twist, this implies that (τ−1Y )∗A is gauge equivalent to the connection obtained from A by
acting by (1, (−gigj) 12 ).
We write a neighborhood of the ﬁbered coisotropic as a ﬁnite-dimensional symplectic
reduction. Let σ = {0} denote the endpoint of the alcove. By (15)
M(X,μ)σ = M(Xcut ,μ)σ //SU (2)
is a neighborhood of CY . Restricted to M(Xcut ,μ)σ , |Φ2|/2 gives a real-valued function
whose Hamiltonian ﬂow is the action of −I . Hence |Φ2|/4 has Hamiltonian ﬂow given
by the action of (−I)1/2 = exp(1/4). Similarly |Φ2|2/4 has Hamiltonian ﬂow given by the
action of (gigj)1/2. Combining these remarks shows that the action of τY on M(Xcut ,μ)σ
is the time-one Hamiltonian ﬂow of |Φ2|(|Φ2| + 1)/4, and the level set Φ−12 (0) is an
equivariant ﬁbered coisotropic. By using a cutoﬀ function as in (20), the action of τY is
Hamiltonian isotopic to an equivariant Dehn twist along Φ−12 (0). The proof is completed
by applying Theorem 2.12. unionsq
3.5 Half twists for higher-rank bundles
For special labels, a half twist on the marked surface X induces a ﬁbered Dehn twist on
the moduli space of ﬂat SU (r) bundles with ﬁxed holonomy.
Definition 3.12 (Khovanov–Rozansky modiﬁcation on moduli spaces) Let r ≥ 2 and
let ωk ∈ A, k = 0, . . . , r − 1 denote the vertices of the alcove. We identify g with g∨
using the basic inner product for which the roots have norm-square equal to 2. Under this
identiﬁcation ω0 = 0 while
ωk = ((r − k)/r, . . . , (r − k)/r︸ ︷︷ ︸
k
,−k/r, . . . ,−k/r
︸ ︷︷ ︸
r−k
), 1 ≤ k ≤ r
are the fundamental weights of G = SU (r). Let μ = (μ1, . . . ,μn) be a collection of labels
with
μi = μj = ν1k := (ωk + ωk+1)/2
for some i, j, k . (That is, μi,μj equal the midpoint ν1k of the edge of A connecting the kth
vertex with the k + 1-st vertex.) Let CY be the subset ofM(X,μ) deﬁned by
CY =
{
[A] ∈ M(X,μ) | ρY ([A]) ∼ exp(ν2k )
}
, (21)
where ν2k is the midpoint between the vertices ωk ,ωk+2 of the alcove A,
ν2k := (ωk+2 + ωk )/2.
For example,
(r = 2, k = 0) =⇒ (ν1k = 1/4, ν2k = 0)
while
(r = 3, k = 0) =⇒ (ν1k = ω1/2, ν2k = ω2/2).
Denote by
M(X,μ, (μi,μj) → ν2k ) := M(X,μ1, . . . , μˆi, . . . , μˆi, . . . ,μn, ν2k )
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the moduli space of ﬂat bundles on X with labels obtained by removing μi,μj = ν1k and
adding ν2k .
Theorem 3.13 (Codimension two ﬁbered Dehn twists via half twists) Suppose that G =
SU (r) and μi,μj , ν1k , ν2k are as in Deﬁnition 3.12 such that the moduli spaces M(X,μ)
and M(X,μ, (μi,μj) → ν2k ) contain no reducibles. Let Y ⊂ X denote an embedded circle
enclosing only the ith and jthmarkings. Then the subset CY from (21) is a spherically ﬁbered
coisotropic submanifold of codimension 2, ﬁbered over themoduli spaceM(X,μ, (μi,μj) →
ν2k ). The action of τY on M(X,μ) is a ﬁbered Dehn twist along CY .
Proof First we show that the given level set is a ﬁbered coisotropic. Let gi resp. gj denote
the holonomies around the ith resp. jth marking. The half twist produces a connection
with holonomies in which gi, gj have been replaced with gigjg−1i , gi. Let C1 denote the
conjugacy class of exp(ω1/2). It suﬃces to consider the case that k = 0 so that gi, gj ∈ C1.
That is, let
ν1k = μi = μj = ω1/2, ν2k = ω2/2.
We begin by choosing convenient representatives of gi, gj . We may assume
gi = exp(ω1/2) = exp(2π i(diag((r − 1)/2r,−1/2r, . . . ,−1/2r)))
= diag(− exp(π i/r), exp(π i/r), . . . , exp(π i/r)).
The centralizer of gi is therefore
Zgi = S(U (1)×U (r − 1)) ∼= SU (r − 1).
Let
O = Im(SO(2,R) → G, A → diag(A, 1, 1, 1 . . . , 1))
denote the subgroup of real orthogonal rotations in the ﬁrst two coordinates in Cr . Since
gi is the product of diag(−1, 1 . . . , 1) with a central element in U (r), the adjoint action of
gi on O is given by giog−1i = o−1, o ∈ O. So
ogi = Ad(o1/2)gi ∈ C1 ∀o ∈ O.
The conjugacy class C1 is a symmetric space of rank one. In particular, Zgi acts transitively
on the unit sphere in TgiC1. This implies that the map Ogi → C1/Zgi is surjective. By
conjugating gi, gj by an element of Zgi , we may choose the second element gj so that
gj = ogi = gio−1 for some o ∈ O.
The subgroupO is conjugate to the one-parameter subgroup generated by the simple root
α1 (or rather its dual coweight). It follows that the square of C1 in G is given by the union
of conjugacy classes




In particular, the conjugacy class C2 of exp(ω2/2) appears in C21 as the orbit of the element
exp(ω1/2) exp(s1ω1/2) = exp(ω2/2)
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where s1 ∈ G is a representative ﬁrst simple reﬂection. The generic stabilizer for the action
of G on C1 × C1 at the inverse image of C2 is the maximal torus
S(U (2)×U (r − 2)) ∩ Ad(s1)(SU (2)×U (r − 2)) = S(U (1)×U (1)×U (r − 2)).
By Lemma 3.7, CY is a ﬁbered coisotropic with ﬁber
S(U (2)×U (r − 2))/S(U (1)×U (1)×U (r − 2)) ∼= S2.
Next we identify the action of the half twist. On the holonomies, the half twist acts by









Let σ denote the face of A containing ω2/2 and LGσ the stabilizers so that
M(X,μ)σ = M(Xcut ,μ)σ //LGσ
is an open neighborhood of CY in M(X,μ). Let A be a framed connection on Xcut.
The pullback connection (τ−1Y )∗A has the same holonomies as that of (1, o1/2)A, where
(1, o1/2) ∈ LG2 denotes the constant element of the loop groupwith values 1, o1/2. As in the
previous cases, this equality implies that the connectionsA, (τ−1Y )∗A are gauge equivalent.
To identify the gauge transformation, suppose that A|(∂X)cut,2 = ξdθ for some ξ ∈ g.
The evaluation of the moment map Φ2([A]) = ξ is related to the holonomies around
xi, xj by exp(ξ ) = gigj , since exp(ξ ) is the holonomy around the second boundary circle
(∂Xcut)2. Since g2i = exp(ω1), we have




gigj = exp(−ω1 + ξ ).
By (22), the image of M(Xcut ,μ)◦ under Φ2 is the interval with endpoints ω1,ω2/2, see
Fig. 4 for the SU (3) case. It follows that the action of the half twist is the Hamiltonian ﬂow
of the function onM(Xcut ,μ) whose restriction toM(Xcut ,μ)◦ is (Φ2,α1)2/2− (Φ2,ω1/2).
An argument using cutoﬀ functions as in (20) shows that the half twist is an equivariant
ﬁbered Dehn twist along Φ−12 (ω2/2). The claim follows from Theorem 2.12. unionsq
4 Pseudoholomorphic sections of Lefschetz–Bott fibrations
In this section, we describe the relative invariants associated with Lefschetz–Bott ﬁbra-
tions. These aremaps betweenLagrangian Floer cohomology groups obtained by counting
pseudoholomorphic sections.
is the identity on this fiber









Fig. 4 Action of half twist and product of holonomies
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4.1 Monotone Lagrangian Floer cohomology
Novikov rings are not needed to deﬁne Lagrangian Floer cohomology for a monotone
pair of Lagrangian submanifolds. However, we will need our cochain complexes to admit
“action ﬁltrations.” For this, we ﬁnd it convenient to use the version incorporating a formal
variable keeping track of area, as in the construction of the spectral sequence in Fukaya
et al. [12].
Definition 4.1 (Monotonicity conditions)
(a) (Symplectic backgrounds) Fix a monotonicity constant λ ≥ 0 and an even integer
N > 0. A symplectic background is a tuple (M,ω, b,LagN (M)) as follows.
(i) (Bounded geometry) (M,ω) is a compact smooth symplectic manifold with
either empty or convex boundary;
(ii) (Monotonicity) ω is λ-monotone, i.e., [ω] = λc1(TM);
(iii) (Background class) b ∈ H2(M,Z2) is a background class, which will be used for
the construction of orientations; and
(iv) (Maslov cover) LagN (M) → Lag(M) is an N -fold Maslov cover such that the
induced twofold Maslov covering Lag2(M) is the oriented double cover.
We often refer to a symplectic background (M,ω, b,LagN (M)) asM.
(b) (Monotone Lagrangians) A Lagrangian L ⊂ M\∂M is monotone if there is an area-
index relation for disks with boundary in L, that is,
A(u) = λ2 I(u), ∀u : (D, ∂D) → (M,L),
where A(u) = 〈[ω], [u]〉 (the pairing of [ω] ∈ H2(M,L) with [u] ∈ H2(M,L)) is again
the symplectic area and I(u) is the Maslov index of u as in [29, Appendix].
(c) (Monotone tuples of Lagrangians) A tuple (Lb)b∈B of Lagrangians inM ismonotone
if the following holds: Let S be any compact surface with boundary given as a disjoint
union of one-manifolds Cb
∂S = unionsqb∈BCb
(with Cb possibly empty or disconnected). Then for some constant c(S,M, (Lb)b∈B)
independent of u,
A(u) = λ2 · I(u)+ c(S,M, (Lb)b∈B), ∀u : (S, (Cb)b∈B) → (M, (Lb)b∈B) (24)
where I(u) is the sum of the Maslov indices of the totally real subbundles (u|Cb )∗TLb
in some ﬁxed trivialization of u∗TM. There is a similar deﬁnition of monotonicity
for tuples of Lagrangian correspondences [45].
(d) (Admissible Lagrangians) As mentioned in the Introduction, we say that a compact
monotone Lagrangian submanifold L is admissible if the image of the fundamental
group of L in M is torsion and L has minimal Maslov number at least 3. One may
also allow the case that L has minimal Maslov number 2 and disk invariant (number
of disks passing through a generic point) 0. However, the Maslov index 2 case is
discussed separately in 5.3. Any tuple of admissible, monotone Lagrangians is auto-
maticallymonotone, by the argument inOh [32]. This argument involves completing
each boundary component of the surface by adding a disk obtained by contracting a
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loop, possibly after passing to a ﬁnite cover. Products of admissible Lagrangians are
also automatically admissible. Thus if L0, L1 respC . are admissible Lagrangians inM
resp.M− × B then the tuples (L0, L1), (L0 × C,Ct × L1) are monotone.
(e) (Generalized Lagrangian correspondences) Let M,M′ be symplectic manifolds. A
generalized Lagrangian correspondence L fromM toM′ consists of
(i) a sequence N0, . . . , Nr of any length r + 1 ≥ 2 of symplectic manifolds with
N0 = M and Nr = M′ ,
(ii) a sequence L01, . . . , L(r−1)r of compact Lagrangian correspondences with
L(j−1)j ⊂ N−j−1 × Nj for j = 1, . . . , r.
Let L fromM toM′ and L′ fromM′ toM′′ be two generalized Lagrangian correspon-
dences. Then we deﬁne concatenation
L L′ := (L01, . . . , L(r−1)r , L′01, . . . , L′(r′−1)r′
)
as a generalized Lagrangian correspondence fromM toM′′. Moreover, we deﬁne the
dual
Lt := (Lt(r−1)r , . . . , Lt01
)
.
as a generalized Lagrangian correspondence fromM′ toM. A generalized Lagrangian
is called admissible if each component is.
(f) (Lagrangian branes) Generally speaking, a Lagrangian brane means a Lagrangian
with extra structure suﬃcient for the deﬁnition of Floer cohomology. In particular,
a grading of a Lagrangian submanifold L ⊂ M is a lift of the canonical section L →
Lag(M) to LagN (M), as in Seidel [40]. A brane structure on a connected Lagrangian
L consists of a grading and a relative spin structure for the embedding L → M
(equivalent to a trivialization of w2(M) in the relative chain complex for (M,L),
see, e.g., [48]). A Lagrangian brane is an oriented Lagrangian submanifold equipped
with a brane structure. A generalized Lagrangian brane is a generalized Lagrangian
correspondence equipped with a brane structure.
We deﬁne Floer cochains as formal sums of perturbed intersection points. Let (L0, L1)
be a compact, monotone pair of Lagrangian branes in M. Choose a Hamiltonian H ∈
C∞([0, 1] × M) and denote by φt ∈ Diﬀ(M,ω) the time t ﬂow of the Hamiltonian vector
ﬁeld H# ∈ Map([0, 1],Vect(M)). Choose H satisfying the condition that φ1(L0) intersects
L1 transversally. Deﬁne the set of perturbed intersection points
I(L0, L1) := {x : [0, 1] → M ∣∣ x(t) = φt (x(0)), x(0) ∈ L0, x(1) ∈ L1
}
.
The gradings on L0, L1 induce a degree map
I(L0, L1) → ZN , x → |x|,
given by theMaslov index of a path from the lifts in theMaslov cover [40]. By the assump-
tion on theMaslov cover, themod 2 degree is determined purely by the orientations. That
is, themod 2 degree is 0 resp. 1 if the two Lagrangiansmeet positively resp. negatively after
perturbation. The generalized intersection points decompose into subsets of intersections




Id(L0, L1), Id(L0, L1) = {x ∈ I(L0, L1) ||x| = d}.
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Denote the space of time-dependent ω-compatible almost complex structures
Jt (M,ω) := Map([0, 1],J (M,ω)).
Given
J ∈ Jt (M,ω) H ∈ C∞([0, 1]×M)
as above, we say that a map u : R × [0, 1] → M is (J, H )-holomorphic iﬀ
∂ J,Hu(s, t) := ∂su(s, t)+ Jt,u(s,t)(∂tu(s, t) −H#t (u(s, t))) = 0 ∀(s, t) ∈ R × [0, 1].
For any x± ∈ I(L0, L1), we denote by M(x−, x+) the space of ﬁnite energy (J, H )-
holomorphic maps modulo translation in s ∈ R, and M(x−, x+)0 the subset of formal
dimension 0, that is, index 1. The relative spin structures on L0, L1 induce a map
o : M(x−, x+)0 → {±1}
measuring the diﬀerence between the orientation on each element u and the canonical
orientation of a point [42,48]. The Floer cochain complex is the direct sum















For the following, see [12,32].
Proposition 4.2 (Construction of Floer cohomology) Let M be a symplectic background,
L0, L1 admissible Lagrangian branes and H a time-dependent Hamiltonian making the
intersection transverse. There exists a comeager subset J regt (M) ⊂ Jt (M) such that every
Floer trajectory is regular. In this case, the Floer coboundary ∂ is well deﬁned and satisﬁes
∂2 = 0. The Floer cohomology
HF (L0, L1) := ker(∂)/im(∂)
is independent of the choice of H and J , up to isomorphism.
We wish for our Floer cochain complexes to admit action ﬁltrations. To obtain these












denote the space of sums of real powers of a formal variable q. In this paper, we do not
need to complete , that is, the Novikov ring is not needed. The Floer cochain complex
over the coeﬃcient ring  is the direct sum




with coboundary incorporating the energies of trajectories: Let H#t ∈ Vect(M), t ∈ [0, 1]




ω(∂su(s, t), ∂tu(s, t) −H#t (u(s, t)))ds dt
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As before, the Floer cohomology with  coeﬃcients
HF (L0, L1;) := ker(∂)/im(∂)
is independent of the choice of H and J , up to isomorphism of graded -modules. More
generally, for any admissible generalized Lagrangian correspondence L from a point to a
point there is [45] a quilted Floer cohomology group HF (L;) deﬁned by counting quilted
strips.
Remark 4.3 (Specialization) In the monotone setting the natural map
HF (L0, L1;)/(q − μ) → HF (L0, L1)
is an isomorphism for any nonzero μ. Indeed, for any generators x, y ∈ I(L0, L1) let c(x, y)
be the constant in the monotonicity relation for strips from x to y as in (24). Choose a
base point x ∈ I(L0, L1) and consider the map of -modules
ι : CF (L0, L1) → CF (L0, L1), 〈y〉 → qc(x,y)/2〈y〉.
Additivity of index and energy implies that
c(x, y)+ c(y, z) = c(x, z), ∀x, y, z ∈ I(L0, L1).













where ∂1 is obtained from ∂ by setting q = 1. It follows that the coboundary forHF (L0, L1)
is, up to an automorphism, equal to the coboundary forHF (L0, L1;) up to a rescaling by
a power of q. The claim follows.
For later use, we recall a basic fact about approximate intersection points.
Lemma 4.4 Suppose that M is a compact Riemannian manifold and L0, L1 ⊂ M are
compact submanifolds. For any  > 0, there exists an δ > 0 such that if m ∈ M is a point
with d(m, L0) < δ and d(m, L1) < δ, then d(m, L0 ∩ L1) < .
Proof Suppose otherwise. Then there exists an  > 0, a sequence δν → 0 and a sequence
mν ∈ M with
d(m, L0) < δν , d(m, L1) < δν , d(m, L0 ∩ L1) > .
By compactness of M, after passing to a subsequence we may assume that mν converges
to a pointm, necessarily in L0 and L1. Then
d(mν , L0 ∩ L1) → d(m, L0 ∩ L1) = 0.
This is a contradiction. unionsq
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It follows that any map that is suﬃciently close to both L0 and L1 at every point in the
domain is in fact contained in a small neighborhood of L0 ∩ L1.
4.2 Relative invariants for Lefschetz–Bott fibrations
We may now associate with Lefschetz–Bott ﬁbrations over surfaces with strip-like ends
relative invariants that are morphisms of Floer cohomology groups associated with the
ends, given by counting pseudoholomorphic sections. The following material can also be
found, in a slightly diﬀerent form, in Perutz [34].
Definition 4.5 (Monotonicity for Lefschetz–Bott ﬁbrations) Let S be a surface without
boundary or strip-like ends, and π : E → S a symplectic Lefschetz–Bott ﬁbration. Let

(E) : {u : S → E | π ◦ u = IdS}
denote the set of smooth sections of E.
(a) Given u ∈ 
(E) with image disjoint from the critical set deﬁne its index and sym-
plectic area




Note that the form ωE is only ﬁberwise symplectic. Thus the area A(u) may be
negative, in the general case.
(b) A symplectic Lefschetz–Bott ﬁbration E is monotone with monotonicity constant
λ ≥ 0 if there exists a constant c(E) such that
λI(u) = 2A(u)+ c(E) ∀u ∈ 
(E).
Remark 4.6 (Behavior of the monotonicity constants under shifts) Given a symplectic
Lefschetz–Bott ﬁbration (π : E → S,ωE) and a non-negative, compactly supported two-
form ωS ∈ 	2c (S), another Lefschetz–Bott ﬁbration may be constructed by replacing ωE
with ωE + π∗ωS . The symplectic area of any section changes under this operation by




The monotonicity constant therefore changes by −2 ∫S ωS .
Proposition 4.7 Letπ : E → S bea symplectic Lefschetz–Bott ﬁbrationwithS, E compact.
If the generic ﬁber M of E is monotone, H1(M) = 0 and all vanishing cycles in E have
codimension at least 2 then E is monotone.
Proof We ﬁrst show that the homology classes of any two sections diﬀer by homology
classes in the ﬁbers. For each critical value si ∈ Scrit let ρi : M → Esi denote themap given
by symplectic parallel transport. In particular on the vanishing cycles this map collapses
the null foliation. We claim that for any two sections u0, u1 ∈ 
(E), the push forwards
uj,∗[S] diﬀer by an element in the span of the homology of the ﬁbers H2(M), H2(Esi ). We
apply the Leray-Fáry spectral sequence for the map π : E → S, see Fáry [11, Section 10]
and Bredon [7, Section IV.12]. We equip the base with the ﬁltration
∅ ⊂ {s0, . . . , sn} ⊂ S.
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The ﬁbers of E are diﬀeomorphic over each associated graded piece {s0, . . . , sn}, S −
{s0, . . . , sn}. Denote by Hq(M) the local system of homology groups with ﬁbers
Hq(π−1(z)) ∼= Hq(M) over S − {s0, . . . , sn}. The second page in the spectral sequence
is the direct sum of relative homologies of successive spaces in the ﬁltration with values
in the homology of the ﬁber,
Cp,q = Hp
(





Since H1(M) = 0, the contribution from p = q = 1 vanishes. It follows that degree two
homology classes in the total space arise either as homology classes in the generic ﬁbers
invariant under monodromy; homology classes in the special ﬁbers; or homology classes
of the base. The projection π∗ is an isomorphism on the classes of the last type. It follows
that the degree 2 part of the kernel of π∗ under the projection map is generated by the
image of H2(M) and H2(Esi ).
We now show the monotonicity relation, using the spectral sequence for the paral-
lel transport maps to the special ﬁbers. By the previous paragraph, it suﬃces to check
monotonicity evaluated on homology classes of ﬁbers. For this, we show that maps
ρi,∗ : H2(M) → H2(Esi ) are surjective. Consider the long exact sequence
H2(M) → H2(Esi ) → H2(Cone(ρi)) → H1(M), (25)
where Cone(ρi) is the mapping cone on ρi. Since ρi is a diﬀeomorphism away from the
vanishing cycle, Cone(ρi) admits a deformation retraction to Cone(pi) where pi : Ci → Bi
is the projection. Since Ci = Pi ×SO(c+1) Sc, we have
Cone(pi) = (Pi ×SO(c+1) Sc+1)/ ∼,
where ∼ is the equivalence relation that collapses the section corresponding to the ﬁxed
point (0, . . . , 0, 1). For c ≥ 2, the spectral sequence for the ﬁbration Pi ×SO(c+1) Sc+1 → Bi
implies that any degree two homology class arises from a homology class in the base. On
the other hand, the base homology classes H2(Bi) have trivial image in the cohomology
H (Cone(pi)) of themapping cone. HenceH2(Cone(pi)) = 0. The long exact sequence (25)
implies that H2(M) surjects onto H2(Esi ). unionsq
We now wish to allow our Lefschetz–Bott ﬁbrations to have strip-like ends. The
monotonicity conditions in this case will be similar, but with additional constants depend-
ing on the limits.
Definition 4.8 (Symplectic Lefschetz–Bott ﬁbrations with strip-like ends)
(a) Let S be a complex curve with boundary obtained from a compact curve with bound-
ary S be removing points on the boundary z1, . . . , zn. A strip-like end for the jth
puncture of S is a holomorphic map
j : [0,±∞) × [0, 1] → S
such that exp(2π ((−1j )1 + i(−1j )2)) is a local holomorphic coordinate on the closure
of the image of j ; the end is called incoming resp. outgoing if the sign is negative
resp. positive. A collection of strip-like ends E is a set of strip-like ends, one for
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each j = 1, . . . , n. We write E = E− ∪ E+ the union of the incoming and outgoing
ends.
(b) A symplectic Lefschetz–Bott ﬁbration over a surface with strip-like ends S with ﬁber
given by a symplectic manifold M is a Lefschetz–Bott ﬁbration E → S with Scrit
contained in the interior of S, together with a trivialization
ϕS,e : ∗S,eE → (0,±∞) × [0, 1]×M
for each end e ∈ E , such that ϕ∗s,eωE = π∗MωM where
πM : (0,±∞) × [0, 1] ×M → M
is projection on the last factor.
(c) Let S be a surface with strip-like ends and π : E → S a symplectic Lefschetz–Bott
ﬁbration with ﬁber M. A Lagrangian boundary condition for E is a submanifold
F ⊂ ∂E such that
(i) π |F is a ﬁber bundle over ∂S;
(ii) each ﬁber Fz ⊂ Ez, z ∈ ∂S is a Lagrangian submanifold;
(iii) for each e ∈ E there exist Lagrangian submanifolds L0,e, L1,e ⊂ M such that F
is constant suﬃciently close to ze, that is,
ϕS,e(FS,e(s,j)) = Lj,e, ±s  0;
and
(iv) for each e ∈ E , the intersection L0,e ∩ L1,e is transversal.
Definition 4.9 (a) (Monotonicity condition for Lefschetz–Bott ﬁbrations with bound-
ary) Let S be a compact surface with boundary, (E, F ) a bundle with boundary con-
dition, and 
(E, F ) the set of smooth sections u : (S, ∂S) → (E, F ). Each u ∈ 
(E, F )
takes values in the smooth locus of E. By pullback one obtains bundles
u∗T vertE → S, (u|∂S)∗T vertF → ∂S.
Taking the Maslov index of this pair gives rise to aMaslov indexmap
I : 
(E, F ) → Z.
We also deﬁne the symplectic area
A : 




keeping in mind that the form ωE is only symplectic on the ﬁbers. A pair (E, F )
monotone with monotonicity constant λ if the index depends linearly on the area;
that is,
λI(u) = 2A(u)+ c(E, F ) ∀u ∈ 
(E, F ) (26)
for some constant c(E, F ).
(b) (Linearized operator) Suppose that S is a surface with boundary and strip-like ends
E = E− ∪ E+, and (E, F ) a bundle with boundary condition. For any collection
(xe ∈ I(L0,e, L1,e))e∈E ,
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let











denote the space of sections with boundary values in F and asymptotic limits xe. For
sections u ∈ 
(E, F ) let
∂u = 12(du+ J (u) ◦ du ◦ j) = 0 (27)
denote the Cauchy–Riemann equation associated with the pair (j, J ). The linearized
operator
Du :	0(u∗T vertE, u∗T vertF ) → 	0,1(u∗T vertE),
ξ → ddt |t=0
−1
tξ ∂ expu(tξ ) (28)
is given by diﬀerentiating the Cauchy–Riemann operator along a path expu(tξ ) of
geodesic exponentials and using parallel transport −1tξ back to u. The operator Du
is Fredholm since the boundary conditions at inﬁnity are assumed transversal.
(c) (Monotonicity condition for Lefschetz–Bott ﬁbrations with strip-like ends) The pair
(E, F ) ismonotone with monotonicity constant λ ≥ 0 if for any (xe)e∈E there exists a
constant c(E, F ; (xe)e∈E ) such that
λ Ind(Du) = 2A(u)+ c(E, F ; (xe)e∈E ) ∀u ∈ 
(E, F ; (xe)e∈E ). (29)
Proposition 4.10 (Condition for monotonicity of the ﬁber to imply monotonicity of a
ﬁbration with strip-like ends) Let E → S be a symplectic Lefschetz–Bott ﬁbration over a
surface with boundary S with connected and simply connected ﬁbers. Let F ⊂ E|∂S be a
Lagrangian boundary condition with connected and simply connected ﬁbers. Suppose that
the generic ﬁber of E is monotone and the vanishing cycles of E have codimension at least
2. Then (E, F ) is monotone.
Proof First consider the case without ends. As in Proposition 4.7, any two sections of E
diﬀer by a homology sphereH2(Es) in some ﬁber Es of E, and these are generated by classes
in the generic ﬁber by the codimension assumption for which monotonicity holds. In the
case with ends, as in [44], one may use gluing to reduce to the case that S has no strip-like
ends as in the statement of the Proposition. More precisely, ﬁx a section v : S → E with
limits x±. View v as a map from the surface S− = (S,−j) with complex structure reversed.
Then for any other section u : S → E with the same limits, gluing along the strip-like
ends produces a section of the doubled surface w : S#S− → E#E−. Then
Ind(Du) = Ind(Dw)− Ind(Dv)
= I(w) + dim(E)χ (S#S−)/2− Ind(Dv)
= λA(w)+ dim(E)χ (S#S−)/2− Ind(Dv)
= λA(u)+ λA(v)+ dim(E)χ (S#S−)/2− Ind(Dv).
Since the last three terms are independent of u, this proves the statement of the
Proposition. unionsq
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We now turn to the construction of relative invariants associated with symplectic
Lefschetz–Bott ﬁbrations. Let π : E → S be such a ﬁbration, equipped as in Deﬁni-
tion 2.1 with a complex structure j0 on a neighborhood of the critical values in S and
J0 on a neighborhood of the critical points in E. In the case that S has ends, we assume
furthermore that almost complex structures Je ∈ J (M) are ﬁxed making the moduli
spaces of Floer trajectories for that end regular. We wish to extend these to almost com-
plex structures on the entire ﬁbration and base, so that we may deﬁne moduli spaces of
pseudoholomorphic sections.
Definition 4.11 (a) (Compatible almost complex structures) Let π : E → S be a
Lefschetz–Bott ﬁbration over a surface with strip-like ends S. A complex structure j
on S is compatible with E if j = j0 in an neighborhood of Scrit. An almost complex
structure J on E is compatible with π , j iﬀ
(i) J = J0 in a neighborhood of Ecrit;
(ii) π is (J, j)-holomorphic in a neighborhood of Ecrit, that is, J ◦ dπ = dπ ◦ j; and
(iii) ωE(·, J ·) is symmetric and positive deﬁnite on TEvx , for any x ∈ E.
(iv) J is equal to ﬁxed almost complex structure j × Je, e ∈ E(S) on the ends of S in
the given trivializations on a neighborhood Ue ⊂ S of each end.
Let J (E) denote the set of (π , j)-compatible almost complex structures. To see that
J (E) is non-empty, note that the symplectic form deﬁnes a connection ker(Dπ )ω on
E → S away from the singular locus, given by the symplectic perpendicular of the
vertical part of the tangent space. First choose j equal to j0 near the critical values.
Then take J to equal j on the horizontal subspace, and any almost complex structure
compatible with the symplectic form on the vertical subspace.
(b) (Moduli space of pseudoholomorphic sections) Let M(E, F ; (xe)e∈E ) denote the set
of ﬁnite area sections u ∈ 
(E, F, (xe)e∈E ) such that u is (j, J )-holomorphic, with limits
(xe)e∈E along the ends.
Theorem 4.12 (Existenceof regular almost complex structures for symplecticLefschetz–
Bott ﬁbrations) Suppose that (E, F ) is a monotone symplectic Lefschetz–Bott ﬁbration with
Lagrangian boundary conditions over a surface S with strip-like ends. There exists a comea-
ger subset J reg(E) ⊂ J (E) such that
(a) M(E, F ; (xe)e∈E ) is a smooth manifold with tangent space at u given by ker(Du);
(b) the zero-dimensional component M(E, F ; (xe)e∈E )0 ⊂ M(E, F ; (xe)e∈E ) is ﬁnite;




M(E, F ; (xe)e∈E , xf → x′f )0 × M(xf , x′f )0
consisting of pairs of a section with bubbled-oﬀ trajectory; and
(d) any relative spin structure on (E, F ) induces a set of orientations on the manifolds
M(E, F ; (xe)e∈E )0 that are coherent in the sense that they are compatible with the
gluing maps from (c) in the sense that the inclusion of the boundary in (c) has the signs
(−1)
∑
e<f |x−e | (for incoming trajectories) and−(−1)
∑
e<f |x+e | (for outgoing trajectories.)
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The proof is similar to that of [41] in the exact case. Bubbling for sections can occur only
in the ﬁber. So sphere and disk bubbling on the zero and one-dimensional moduli spaces
is ruled out by the monotonicity condition. The construction of coherent orientations is
given in [48].
Remark 4.13 (Sketch of construction of orientations from [48])We brieﬂy recall the con-
struction of orientations: On any disk with Lagrangian boundary conditions where the
Lagrangian is equipped with a relative spin structure, the linearized operator Du over the
surface S may be deformed via nodal degeneration to a boundary value problem D′u on
the sphere Ss and a constant boundary value problem on the disk Sd . On the sphere, the
linearized Cauchy–Riemann operator D′u|Ss is homotopic to a complex linear operator
D′′u. The determinant line det(D′u) inherits an orientation via the complex structure on
the kernel ker(D′′u) and cokernel coker(D′′u). On the other hand, on the disk the boundary
condition (u|∂Sd )∗TL admits a canonical stable trivialization determined by the relative
spin structure. The determinant line on the disk admits an orientation induced from a
trivialization of (u|∂Sd )∗TL and an isomorphism of the kernel ker(D′u|Sd) with the tan-
gent space to the Lagrangian Tu(z)L at any point on the boundary. These combine to an
orientation on the determinant line det(Du) ∼= det(D′u|Ss)⊗ det(D′u|Sd).
Remark 4.14 (Brane structures on spherically ﬁbered coisotropics) In order to specify
the signs in the exact triangle, it is necessary to specify the brane structure on the ﬁbered
coisotropic. IfC is a spherically ﬁbered coisotropic that reduces to a spin principal bundle,
then TC admits a relative spin structure for the embedding C → M×Bwith background
class w2(TM) induced by the isomorphism
TC ⊕ R ∼= π∗TB ⊕ P(TSc ⊕ R) ∼= π∗TB ⊕ P(Rc+1),
where R denotes the trivial bundle with ﬁber R.
For later use, we recall the basic fact that maps with suﬃciently small energy must also
have small diameter:
Lemma 4.15 Let S be a holomorphic quilt with strip-like ends, with symplectic labels M
and Lagrangian boundary and seam condition L. For any δ > 0, 0, there exists  > 0 such
that if u : S → M is a pseudoholomorphic quilt with energy E(u) < , and γ : [0, 1] → S
is a path connecting boundary components of length less than 0, then the length of u ◦ γ is
less than δ.
Proof The claim is an application of the mean value inequality for pseudoholomorphic
maps [29, Lemma 4.3.1 (i)]: For any compact almost complex manifold M, there exist
constants c,  > 0 such that for any r > 0 and any pseudoholomorphicmapu : Br(z) → M





whereBr(z) is a ball of radius r around z. There is a similar version for Lagrangianboundary
conditions, in which the right-hand side is replaced by a half ball [29, Lemma 4.3.1 (i)].
In our quilted situation, we may apply the mean value inequality in each patch. Since S
is compact on a complement of the strip-like ends, there exists a constant r0 > 0 such
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that any point in S is contained in ball of radius at least r0, or half ball of radius r0 in S. By
integrating over γ (t), we see that the length (γ ) satisﬁes
(u ◦ γ ) =
∫ 1
0











≤ cr−20 E(u)(γ ) ≤ cr−20 0.
This proves the claim for  such that  < δr20/c0. unionsq
Definition 4.16 (Relative invariants for Lefschetz–Bott ﬁbrations with strip-like ends)
For Lefschetz–Bott ﬁbration E with boundary condition F equipped with a relative spin
structure, suppose that the ends Le,0, Le,1 of F are transverse and CF (Le,0, Le,1) have been
deﬁned without Hamiltonian perturbation for each end e. Deﬁne























where o(u) = ±1 areorientations constructed in [48]. By items (c) and (d) ofTheorem4.12,
the maps CΦ(E, F ;) are cochain maps. Passing to cohomology (and passing to rational
coeﬃcients in the case of more than one outgoing end), one obtains a map














Remark 4.17 (Independence from almost complex structure and ﬁberwise symplectic
form) The cohomology-level invariants Φ(E, F ;) are independent of the choice of com-
patible almost complex structure J on E, by an argument using parametrized moduli
spaces similar to that of Theorem 4.12.
The invariants are independent of the choice of two-form ωE ∈ 	2(E) in the follow-
ing sense: Given any symplectic Lefschetz–Bott ﬁbration (E,ωE,π ), we may form a new
symplectic Lefschetz–Bott ﬁbration (E,ωE + π∗ωS,π ) by adding on the pullback of non-
negative, compactly supported two-form ωS ∈ 	2c (S) on the base. Any almost complex
structure J0 compatible with ωE will also be compatible with ωE + π∗ωS , although not
necessarily vice versa. As a result, for any two such almost complex structures Jk , k ∈ {0, 1}
compatible with ωE + λkπ∗ωS for some scalars λ0, λ1, the moduli spaces
M(E, F, J0; (xe)e∈E )0 ∼ M(E, F, J1; (xe)e∈E )0
are cobordant. Since the area of each pseudoholomorphic section changes by the integral
A(S) = ∫S ωS , the invariantΦ(E, F ;) is independent of this change up to an overall power
qA(S).
The relative invariants of ﬁbrations with “non-negative curvature,” in the following
sense, haveparticularly niceproperties. Recall the symplectic connection (4) on aLefschetz
ﬁbration π : E → S. The spaces TEhe have canonical complex structures, induced from
the complex structure j on the base S. Deﬁne
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ωE,e|ThE = f (e)π∗ωS
for some function f : E → R.
Definition 4.18 A Lefschetz–Bott ﬁbration E with two-form ωE has non-negative cur-
vature if ωE(v, jv) ≥ 0 for all v in the horizontal subspace TEh, that is, f (e) ≥ 0 for all
e ∈ E.
Remark 4.19 Non-negative curvature implies that a small perturbation of the two-form
is symplectic: Recall that the total space of any Lefschetz–Bott ﬁbration π : E → S admits
a canonical isotopy class of symplectic structures given as follows. If ωS ∈ 	2(S) is a
suﬃciently positive two-form, then ωE + π∗ωS is a symplectic form on TEe for any e ∈ E.
If E is compact, then ωE + π∗ωS is symplectic on E for ωS suﬃciently positive. If E is
non-negative, then ωE + π∗ωS is symplectic for any positive form ωS ∈ 	2(S).
Proposition 4.20 (Non-negative curvature of standard Lefschetz–Bott ﬁbrations) If C ⊂
M is a spherically ﬁbered coisotropic, then the standard Lefschetz–Bott ﬁbration EC of 2.13
has non-negative curvature.
Proof Let v ∈ V , the standard representation of SO(c + 1), and (p, v) ∈ P × V . The
horizontal subspace Hv ⊂ TvV pairs trivially with ker(α) × T (π−1V (πV (v))) under the
pairing given by the two-form (7), where πV is the projection (9). It follows that the image
[Hv] ofHv in P(V ) is the horizontal subspace at [p, v] ∈ P(V ) := (P×V )/G. Let JV denote
the standard complex structure on V , and J0 the induced complex structure on E. Since
JV is non-negative on Hv , J0 is non-negative on [Hv]. unionsq
Proposition 4.21 LetE beaLefschetz–Bott ﬁbrationwithLagrangianboundary condition
F and relative spin structure. If E has non-negative curvature, then the exponents of q in
the formula (31) are all non-negative.
Proof Since the form ωE(·, J ·) is non-negative for any J ∈ J (E), any pseudoholomorphic
section has non-negative area. The q-exponents in (31) are the areas. So these are non-
negative as well. unionsq
We do not give formula for the degree of the relative invariant, see [44] for a formula
for the degree in the case without singularities.
4.3 Invariants for quilted Lefschetz–Bott fibrations
The main diﬀerence between the triangle for the ﬁbered case and the original Seidel
triangle [41] is the appearance of invariants associatedwith quilted surfaces. The following
deﬁnitions are taken from [44].
Definition 4.22 (a) (Quilted surfaces with strip-like ends) A quilted surface with strip-
like ends S consists of the following data:
(i) a collection S = (Sk )k=1,...,m of surfaces with strip-like ends, see [41,44],
called patches. Each Sk carries a complex structure jk and has strip-like ends
(k,e)e∈E(Sk ). Denote the limits of these ends
lim
s→±∞ k,e(s, t) =: zk,e ∈ ∂Sk
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and denote the boundary components
∂Sk = (Ik,b)b∈B(Sk );







and for each σ = {Ik,b, Ik ′ ,b′ } a real analytic isomorphism
ϕσ : Ik,b → Ik ′ ,b′ ,
where the isomorphisms ϕσ should be compatible with the strip-like ends in
the sense that on each end ϕσ should be a translation;
(iii) Orderings of the boundary components of each set of patches B(Sk ), k =
1, . . . , m; and
(iv) Orderings of the incoming and outgoing ends of S
E−(S) =
(











(b) (Quilted symplectic Lefschetz–Bott ﬁbrations) A (quilted) symplectic Lefschetz–Bott
ﬁbration E over a quilted surface S with strip-like ends consists of a collection of
Lefschetz–Bott ﬁbrations Ek → Sk , k = 0, . . . , m. A Lagrangian boundary/seam
condition for E consists of a collection F of submanifolds of the boundaries and
seams





where Ik,b ranges over true boundary components resp. Ik0 ,b0 , Ik1 ,b1 range over iden-
tiﬁed boundary components, such that
(i) each ﬁber





over z ∈ S is a Lagrangian submanifold; and
(ii) over the strip-like ends the ﬁbers F(k0 ,b0),(k1 ,b1),z over z ∈ S are given by ﬁxed
Lagrangians Lke,i,be,i on the strip-like ends, with the property that the composi-
tion
L(ke,0 ,be,0) ◦ L(ke,1 ,be,1) . . . ◦ L(ke,l(e) ,be,l(e))
is transversal, where l(e) is the number of patches on the end e.
We say that a quilted Lefschetz–Bott ﬁbration is monotone if sections satisfy an area-
index relation similar that for pseudoholomorphic maps. In the case without singular-
ities (i.e., ﬁbrations) admissibility for the Lagrangians guarantees monotonicity in the
quilted setting, see [44, Remark 3.7]. For Lefschetz–Bott ﬁbrations, admissibility together
with the codimension conditions in Lemma 4.10 guarantees monotonicity, by the same
arguments.
Definition 4.23 (Relative invariants for quilted Lefschetz–Bott ﬁbrations) Theorem 4.12
generalizes to the quilted setting: Associated with a monotone quilted symplectic
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Lefschetz–Bott ﬁbration (E, F ), we have (ungraded) relative invariants which (working
with rational coeﬃcients in the case of more than one outgoing end) map
⊗
e∈E−




HF (L(ke,0 ,be,0), L(ke,1 ,be,1), . . . , L(ke,l+(e) ,be,l+(e));). (33)
These invariants satisfy a composition relation for gluing along strip-like ends by a gluing
argument spelled out in [44]. That is, if E, F is a quilted Lefschetz–Bott ﬁbration obtained
from ﬁbrations E1, F1 and E2, F2 by gluing the outgoing ends of E1, F1 to the incoming
ends of E2, F2 then
Φ(E, F ) = Φ(E1, F1) ◦ Φ(E2, F2). (34)
As in the unquilted case in Remark 4.17, these invariants are independent of the choice
of almost complex structure and deformation of the two-form on the total space.
4.4 Vanishing theorem
In this section, we use gluing along a seam to obtain a vanishing theorem analogous to
[41, Section 2.3] for the invariants associated with standard ﬁbrations associated with a
ﬁbered Dehn twist.
Remark 4.24 (Gluing along a seam for quilted Lefschetz–Bott ﬁbrations)
(a) (Glued surface) For k = 0, 1 let Sk be quilted surfaces with dk + 1 strip-like ends,
and zk a seam point in Sk . Let ρ > 0 be a gluing parameter. Let Sρ be the quilted
surface with d0+d1+2 strip-like ends formed by gluing together quilted disksD0, D1
around z0, z1 using the map z → ρ/z. See Fig. 5.
(b) (Glued bundles) Let (Ek , Fk ) be Lefschetz–Bott ﬁbrations over Sk , equipped with
a trivialization of Ek , Fk in a neighborhood of zk , and a symplectomorphism of
(Ek,zk , Fk,zk ) for k = 0, 1. The seam connect sum Eρ → Sρ is formed by patching
E0 and E1, and similarly for the boundary and seam conditions Fρ .
(c) (Glued complex structures) Suppose that the following are given: a (πk , jk )-
compatible almost complex structure J k for πk : Ek → Sk that is constant in a
neighborhood of zk (with respect to the given trivialization) for k ∈ {0, 1} and such
that J0 agreeswith J1 on the gluedﬁber.One canpatch together these almost complex
structures to obtain a compatible almost complex structure J for E → S.
We next investigate the behavior of moduli spaces of sections under gluing. Suppose
that (Eρ , Fρ) is obtained from gluing (E0, F0) and (E1, F1) and all three are monotone
symplectic Lefschetz–Bott ﬁbrations. Let
Fig. 5 Gluing along a seam
Wehrheim and Woodward Res Math Sci (2016) 3:17 Page 43 of 75
evk : M(Ek , Fk ) → Fk,zk
denote the evaluation maps at the nodal points zk , k ∈ {0, 1}.
Theorem 4.25 (Behavior of moduli spaces under gluing along a seam) For suﬃciently
small ρ, there exists a comeager subset
(J (E0, F0)× J (E1, F1))reg ⊂ J (E0, F0)reg × J (E1, F1)reg
such that
(a) the evaluation map ev0 × ev1 is transverse to the diagonal;
(b) for any pair (u0, u1), there exists a gluing map on a neighborhood U (u0, u1) of (u0, u1)
given by
ρ : M(E0, F0)×ev0 ,ev1 M(E1, F1) ⊇ U (u0, u1) → M(Eρ , Fρ);
(c) as (u0, u1) varies over points in the zero-dimensional component of the left-hand-side,
ρ is surjective onto the zero-dimensional component of M(Eρ , Fρ); and
(d) for any u ∈ M(E0, F0) ×ev0 ,ev1 M(E1, F1), the sequence ρ(u) Gromov converges to
u as ρ → 0.
SeeMcDuﬀ and Salamon [29, Chapter 10] for the case of gluing at an interior point and
Abouzaid [1] for the details of gluing along a point in the boundary.
Next we give a formula for the dimension for the pseudoholomorphic sections of the
standard ﬁbration studied in Propositions 2.13 and 4.20.
Definition 4.26 (Standard ﬁbrations on small balls) Let C ⊂ M be a coisotropic sub-
manifold of codimension c spherically ﬁbered over B and EC → D the Lefschetz–Bott
ﬁbration over the disk D of radius 1 with generic ﬁber M × B− and monodromy τC × 1
from Lemma 2.13. Equip EC with the Lagrangian boundary condition given by the ﬁber
product
FC := P(T ) | ∂D,
where T is the union of vanishing cycles in the local model P(V ) as in (10). As in [41] this
boundary value problem ﬁts into a family of problems EC,r , FC,r , the standard ﬁbrations
of Sect. 2.4 over a disk Dr of radius r. Each member of the family is formed by patching









in the local model P ×SO(c+1) V .
Lemma 4.27 (Dimension formula for pseudoholomorphic sections of a standard ﬁbra-
tion) Let C, EC , FC be the standard Lefschetz–Bott ﬁbration associated with C in
Lemma 2.13, and c the codimension of C. If (EC, FC ) is monotone then for r suﬃciently
small, J ∈ J reg(EC ) and all u ∈ M(EC,r , FC,r ) we have
dimTuM(EC,r , FCr ) ≥ dim(C)+ (c − 1).
Proof We explicitly describe a family of pseudoholomorphic sections as follows. Suppose
that the almost complex structure on EC,r is induced from an almost complex structure
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on B and the standard almost complex structure on V . For each a ∈ V, b ∈ B, ﬁx a local
trivialization of P and deﬁne in the corresponding local trivialization EC,r
wr,a,b : Dr → EC,r , z → r−1/2az + r1/2a.
The condition for wr,a,b to be a section is by (9)
z = wr,a,b(z) · wr,a,b(z)
= (r−1/2az + r1/2a) · (r−1/2az + r1/2a)
= r−1a · az2 + 2a · az + ra · a.
Hence
2a · a = 1, a · a = a · a = 0. (35)
Given this, the section wr,a,b takes values in FC,r . We claim that the Maslov index satisﬁes
the following formula:
I(wr,a,b) = c − 1. (36)
Indeed, by deﬁnition the Maslov index of w := wr,a,b is the index of the pair
(w∗T vertEC, (∂w)∗T vertFC ). This pair ﬁts into the exact sequence
0 → (w∗T vertEC,r , (∂w)∗T vertFC,r) → (w∗TEC,r , (∂w)∗TFC,r) → (TD, T (∂D)) → 0.
Now Tw(z)EC,r = (TbBC,r)2 ⊕ Cc+1 is trivial, and the boundary condition has vertical part
T vertw(z)FC,r ∼= TbB ⊕ Tw(z)(
√
zSc) ∼= TbB ⊕ Rc+1/Rw(z), (37)
where TbB is the diagonal. The horizontal part of the boundary value problem maps
isomorphically onto (TD, T (∂D)) via Dπ . Using (37), we have




I(w∗T vertE, (∂w)∗T vertF ) = I(w∗TE, (∂w)∗TF )− (TD, T (∂D))
= (c + 1)− 2 = c − 1,
which proves the claim (36).
We claim that the given sections are the sections of lowest index for suﬃciently small
radius. Indeed, the area A(wr,a,b) approaches zero as r → 0, for all a; this fact holds even
after the adjustment [41, (1.17)] since the adjustment is by the pullback of the diﬀerential
of a bounded one-form. Choose r suﬃciently small so that A(wr,a,b) ≤ 1/2λ. The area-
indexmonotonicity relation and non-negativity of the curvature in Proposition 4.20 imply
that any other section u has positive area. So the index of this section I(u) is at least the
index I(wr,a,b) of wr,a,b. unionsq
In order to deﬁne relative invariants for Lefschetz–Bott ﬁbrations with codimension
one vanishing cycles, a stronger monotonicity assumption must be assumed.
Definition 4.28 (Strong monotonicity) In the case that C ⊂ M is a ﬁbered coisotropic of
codimensionone,wedenotebyMC the cut space as inLerman [23].Thecut spaceMC is the
space obtained by cuttingM alongC and collapsing the resultingmanifold (whose bound-
ary is two copies of C) by the circle action on the boundary. ThusMC contains two copies
B± ofB. Denote by [B±] ∈ H2(MC ) the dual classes ofB± and by [ωC ] ∈ H2(MC ) the sym-
plectic class. Amonotone ﬁbered coisotropic C is strongly monotone if either codim(C) ≥
2 or both codim(C) = 1 and c1(MC )− [B+]− [B−] is a positive multiple of [ωC ].
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Proposition 4.29 Suppose that the vanishing cycles of E are strongly monotone. Then the
sections of (E, F ) satisfy a monotonicity relation, and counting pseudoholomorphic sections
deﬁnes a relative invariant Φ(E, F ;) as in (32).
Proof The codimension two case is already covered in Proposition 4.10. In the case that
the ﬁbered coisotropic is codimension one, there are degree two homology classes in
the special ﬁbers that are not equivalent to homology classes in the special ﬁber. Let
νC : MC → Es0 ⊂ E denote the normalization map, mapping the two copies B± of B
created by cutting to the singular locus B ⊂ Es0 . Then
ν∗Cc1(E) = c1(MC )− [B+]− [B−].
Indeed, let z be a local coordinate on the base near a critical value. The one-form π∗dz is
nonvanishing everyone except at the singular locus in the ﬁber where π∗dz has a simple
zero. It follows that if the vanishing cycles are strongly monotone, then the monotonicity
relation holds on ﬁber classes. It follows that monotonicity also holds on sections. Count-
ing pseudoholomorphic sections deﬁnes an invariant Φ(E, F ), as in the case of higher
codimension. unionsq
Remark 4.30 (Double cover in the codimension one case) In the case that c = 1, r = 1,
the evaluationmap on themoduli spaceM(EC,r , FC,r)0 of zero-index pseudoholomorphic
sections of (EC,r , FC,r ) at z = 1 induces a double cover
ev1 : M(Ec,r , FC,r)0 → C, wr,a,b → wr,a,b(1) = a+ a (38)
of the ﬁber of the vanishing cycle C . The relations (35) on a = (a1, a2) become
a2 = ±ia1, a1a1 = 1/2. (39)
Corollary 4.31 (Vanishing of the relative invariant associated with a standard ﬁbration)
Suppose that E → S is a Lefschetz ﬁbration with the Lagrangian boundary condition F
obtained by a seam connect sum from a Lefschetz-Bott ﬁbration (EC,r , FC,r ) over the disk
Dr corresponding to a spherically ﬁbered coisotropic submanifold C, with an arbitrary
quilted Lefschetz–Bott ﬁbration E0 → S0 with boundary condition F0. Suppose that all
these ﬁbrations with boundary conditions are monotone and equipped with relative spin
structures, so that in particular the relative invariantΦ(E, F ) is deﬁned. ThenΦ(E, F ) = 0.
More precisely, there exists a null homotopy of the chain-level relative invariant CΦ(E, F )
that, if r is suﬃciently small, has positive q-exponents.
Proof Suppose that E, F are as in the statement of the Corollary. Consider the family of
surfaces obtained by stretching the neck so that a standard ﬁbration (EC,r , FC,r ) bubbles
oﬀ. The chain level invariants CΦ(EC,r , FC,r ) are chain homotopic by a chain homotopy
corresponding to isolated points in the parametrized moduli space for the deformation.
The gluing Theorem 4.25 gives a bijection between pseudoholomorphic sections of Eρ , Fρ ,
for small ρ, and (u0, u1) in the zero-dimensional component (ev0, ev1)−1(), where  is
the diagonal in the gluing ﬁber F0,z0 ∼= FC,z1 . Equality of indices gives
dimTu0M(E0, F0)+ dimTu1M(EC, FC ) = dim(C)
for k ∈ {0, 1}. In the codimension two case, Corollary 4.31 now follows from Lemma 4.27
which implies that the moduli spaces for small r and large ρ are empty. The chain-level
invariants are independent of the choice of r up to chain homotopy by Remark 4.17.
Wehrheim and Woodward Res Math Sci (2016) 3:17 Page 46 of 75
The codimension one case depends on the description of the double cover in 4.30.
Indeed, in this case the limiting moduli space is not empty, but has two components cor-
responding to the choices of sign in 4.30. Each component is isomorphic to the Lagrangian.
Furthermore, each has the induced orientation given by deforming the boundary value
problem to a trivial one and using the orientation from the Lagrangian as in Remark 4.13.
The two sections u± corresponding to a given (a1, a2) in (39) are related by the involution
ι : C2 → C2, (z1, z2) → (z1,−z2).
It follows that any deformation of u∗+F to a trivial boundary condition induces a deforma-
tion of u∗−F and vice versa, giving a commutative diagram
det(Du∗+E,u∗+F ) det((u∗+F )1)
det(Du∗−E,u∗−F ) det((u∗−F )1).
The evaluation maps for u±
kerDu∗+E,u∗+F ∼= u∗+F1, kerDu∗−E,u∗−F ∼= u∗−F1
given by linearizing (35) are by deﬁnition orientation preserving. Since the right-hand
arrow is orientation reversing (exactly one factor of F is reversed), the left-hand arrow is
also orientation reversing. Hence these contributions cancel in the weighted disk count
(31). unionsq
Remark 4.32 (Independence of choices) Let S0, E0, F0, EC , FC , Dr be as above. Deﬁne an
invariant associated with the nodal surface Sr by identifying a point on the seam S0 and
disk D. Deﬁne a nodal Lefschetz ﬁbration Er by identifying a ﬁber of E0 with a ﬁber of
EC with boundary condition Fr ⊂ Er . By counting pseudoholomorphic sections with
matching condition at the node one obtains an invariantΦ(Er, Fr) for the nodal ﬁbration,
equal to the invariant for the glued ﬁbration Φ(E, F ). In particular, vanishing of Φ(Er, Fr)
for r small implies vanishing for any r.
4.5 Horizontal invariants
As in Seidel [41], the computation of the relative invariants in the special cases needed for
the exact triangle uses only horizontal sections, deﬁned as follows.
Definition 4.33 Let S be a quilted surface with strip-like ends, E a quilted Lefschetz–Bott
ﬁbration, and F a collection of Lagrangian seam/boundary conditions.
(a) (Horizontal sections) A section u : S → E (i.e., a collection of sections uk : Sk →
Ek , k = 1, . . . , m) is horizontal if
ImDuk (s) = TEhk,uk (s)
for all s ∈ Sk , k = 1, . . . , m. Let Mh(E, F ) denote the space of horizontal sections.
(b) (Horizontal almost complex structures) A collection of compatible almost complex
structures J ∈ J (E) is horizontal if
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Jk (e)The Ek = The Ek , ∀e ∈ Ek − Ecritk , k = 1, . . . , m,
or equivalently if ωEk (J ·, ·) is symmetric for k = 1, . . . , m. LetJ h(E) denote the set of
horizontal compatible almost complex structures. If J ∈ J h(E), then any horizontal
section is J -holomorphic, that is,
(J ∈ J h(E)) =⇒ (Mh(E, F ) ⊂ M(E, F )).
(c) (Clean moduli spaces)Mh(E, F ) is clean ifMh(E, F ) is a smooth submanifold of the
Banach manifold of sections of a suitable Sobolev class of E with tangent space
TuMh(E, F ) = {ξ ∈ 	0(u∗T vertE, (u|∂S)∗T vertF ) | ∇ξ = 0}
the set of horizontal sections of u∗T vertE with boundary/seams in (u|∂S)∗T vertF .
Remark 4.34 (Horizontal and vertical energy) The energy of a section of a Lefschetz–Bott
ﬁbration may be broken up into horizontal and vertical parts. We suppose that we choose
ωS so that ωE + π∗ωS is symplectic. This two-form together with the almost complex
structure deﬁnes a metric on the total space E. Fix a metric on S, giving rise to an area





The energy E(u) splits into vertical and horizontal contributions








u∗(ωE + π∗ωS)+ (1/2)
∫
S
‖∂ J u‖2dVolS .








A similar relation holds in the quilted case.
Proposition 4.35 (Criterion for horizontal moduli spaces to be a component) Suppose
that (E, F ) is a quilted symplectic Lefschetz–Bott ﬁbration with Lagrangian boundary con-
dition. If E is non-negatively curved and equipped with a horizontal almost complex struc-
ture such that Mh(E, F ) is clean, of dimension Ind(Du), and consists of sections with van-
ishing ωE-integral,




then Mh(E, F ) is a path component of M(E, F ) and consists of regular sections.
Proof As in [41, Lemma 2.11], suppose that u is a horizontal section with
∫
S u∗ωE = 0.




f (u˜)ωS = 0.
By the non-negative curvature assumption, u˜must satisfy
Ev(u˜) = 0, im(du˜) ⊂ ThE
Wehrheim and Woodward Res Math Sci (2016) 3:17 Page 48 of 75
as claimed. The regularity of Mh(E; F ) follows as in Seidel [47, Lemma 2.12]: Under
the non-negative curvature assumption the kernels of ∇u and Du are identical, and
dimMh(E; F ) = Ind(Du) implies coker(Du) = 0. unionsq
We give a criterion for the zero-dimensional component M(E, F )0 to consist entirely
of horizontal sections in the monotone case; the exact case was discussed in Seidel [41].
Let E → S be a monotone Lefschetz–Bott ﬁbration with Lagrangian boundary/seam
conditions F . For each collection of intersection points ((xe)e∈E ), deﬁne c((xe)e∈E ) by
λI(u) = 2(A(u)− c((xe)e∈E ))
for any collection of sections u with limits (xe)e∈E .
Proposition 4.36 (Criterion for the existence of only horizontal sections) Suppose that
E is a quilted Lefschetz–Bott ﬁbration with non-negative curvature and is equipped with
a horizontal almost complex structure. If c((xe)e∈E ) = 0 then M(E, F ; (xe)e∈E )0 consists of
horizontal sections.
Proof If u is a pseudoholomorphic section with index 0, then the monotonicity relation
(29) implies that u has non-negative symplectic area equal to c((xe)e∈E ). If this constant
vanishes, then all such sectionsmust have vanishing symplectic area. By the non-negativity
of the curvature and (40), any such section has vanishing vertical energy and so is hori-
zontal. unionsq
5 Floer versions of the exact triangle
The proofs of the exact triangles described in the introduction follow the lines of the proof
of Floer’s exact triangle [6], in Seidel [41] and Perutz [35]. Namely, one ﬁrst constructs a
short sequence of cochain groups that is exact up to leading order, and then uses a spectral
sequence argument to deduce the existence of a long exact sequence of cohomology
groups. In this section, we also describe various extensions, to the case of minimalMaslov
number two and the case of periodic Floer cohomology.
5.1 Fibered Picard–Lefschetz formula
In this section, we prove the exact triangle on the level of vector spaces; this is essentially
equivalent to the ﬁbered Picard–Lefschetz formula in Theorem 1.
Definition 5.1 (Angle functions) Recall from Sect. 2.2 that a Dehn twist in a local model
T∨Sc is deﬁned by rotating a vector in T∨Sc with norm t by an angle function
θ ∈ C∞([0,∞)), θ (0) = π , θ (t) = 0, t  0.
The angle function θ (t) is related to the choice of ζ (t) of (8) by θ (t) = ζ ′(t). For the
rest of the paper, we assume that the function θ (t) is decreasing with t. We wish to use
angle functions that go to 0 suﬃciently quickly. In particular, given an angle function θ
we consider the family of angle functions deﬁned by
θλ(t) := θ (λt). (41)
Lemma 5.2 (Intersection points for ﬁbered Dehn twists) Let C ⊂ M be a compact spher-
ically ﬁbered coisotropic in a symplectic manifold M over a symplectic manifold B, and
L0, L1 ⊂ M Lagrangian submanifolds. Suppose that the intersection
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(L0 × C)  (Ct × L1) ⊂ M × B ×M
is transverse while the intersection
L0 ∩ L1 ∩ C = ∅
is empty. For λ > 0 let τC,λ ∈ Diﬀ(M,ω) be a ﬁbered Dehn twist using a given local model
and the angle function θλ(t). There exists a constant λ0 such that if λ > λ0 then there exists
a bijection
(i1 ∪ i2) : (L0 ∩ L1) ∪
(
(L0 × C) ∩ (Ct × L1)) → L0 ∩ τ−1C,λL1. (42)
Proof First note that the intersectionpoints of theuntwistedLagrangiansnaturally include
in those of the twisted ones of λ large. The transversality assumptions imply that the
intersection L0 ∩L1 ∩C is empty. By taking λ0 suﬃciently large, we may suppose that τC,λ
is supported in a neighborhood UC disjoint from L0 ∩ L1. Thus there is an inclusion
i1 : L0 ∩ L1 → L0 ∩ τ−1C,λL1.
We wish to identify the remaining intersection points with (L0 × C) ∩ (Ct × L1).
We ﬁrst recall the unﬁbered case in Seidel [41, Lemma 3.2]. Suppose that the base B
is a point. Choose a local model for the Lagrangian C given by a symplectomorphism of
a neighborhood of the zero section in T∨Sc with a neighborhood of C in M. The local
model φ : T∨Sc ⊃ U → M may be chosen so that the Lagrangians L0, L1 are ﬁbers of
π : T∨Sc → Sc :
Lk ∩ φ(U ) = φ(U ∩ π−1(vk )), vk ∈ Sc.
What this amounts to is choosing the initial diﬀeomorphism with this property and then
choosing the Moser isotopy to preserve the Lagrangians. The Dehn twist τ−1C acts at
[v] ∈ P(T∨Sc) by normalized geodesic ﬂow by time θλ(|v|). There exists a unique v ∈ L1
of norm less than π such that its time π − |v| normalized geodesic ﬂow lies in L0. The
unique point w ∈ R>0v with θλ(|w|) = π − |v| gives the desired intersection point.
We reduce to the case of trivial base by the use of suitable local models as follows. Let
l0 ∈ L0 ∩ C, l1 ∈ L1 ∩ C, π (l0) = π (L1) =: b
be points with the same projection b ∈ B. Consider the action of scalar multiplication
on the vector bundle P(πT∨Sc ) : P(T∨Sc) → P(Sc). This action induces an action of
suﬃciently small scalars on M via the coisotropic embedding. By (41) τC,λ = λτCλ−1
wherever the right-hand side is deﬁned. For k ∈ {0, 1}, the submanifolds (λLk ∩ UC )λ>0
ﬁt together with P(πT∨Sc )−1(Lk ∩ C) in the limit λ → ∞ to a smooth family at λ = ∞.
Indeed, if Lk is given locally by {f (z, x, y) = 0} in local coordinates z on B and cotangent
coordinates (x, y) on T∨Sc then
λLk = {f (z, x, λ−1y) = 0}. (43)
By assumption Lk is transversal to the zero section inT∨Sc. This implies that the equation
(43) cuts out a smooth family at λ = ∞. By the case B trivial, the intersection at λ = ∞ is
given by
P(πT∨Sc )−1(L0 ∩ C) ∩ τ−1C P(πT∨Sc )−1(L1 ∩ C)
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and is transverse. By the implicit function theorem, the set of intersectionpointsL0∩τ−1C,λL1
forms a smoothmanifold parametrized by λ  0 and intersection points (L0×C)∩ (Ct ×
L1) as desired.
Alternatively, one can argue as follows via the limit of the twisted Lagrangian. After
restricting to connected component in an open neighborhood of p−1(b), the projection
L1 ∩ C → B is an embedding. For any point l ∈ L1 with τC (l) = l, the images of the
derivatives of τ−1C,λ converge to the tangent space of p−1(C ∩L1): If the projection of τ−1C (l)
to C is c in the local model, then
Im(Dτ−1C,λ(λ
−1l)) = Im(λ−1Dτ−1C (l)λ) → Dcp−1(Tp(l)(C ∩ L1)), λ → ∞,
since λ−1Dτ−1C (l)λ converges to the composition ofDτ
−1
C (l) with projection to the tangent
space to C . It follows that the sequence of submanifolds τ−1C,λ(L1) − L1 converges, as an
embedded submanifold, to p−1(p(L1 ∩ C))− L1. Again by the implicit function theorem,
the intersections L0 ∩ τ−1C,λ(L1) correspond to intersection points of L0 ∩ p−1(p(L1 ∩C)) ∼=
(L0 × C) ∩ (Ct × L1). unionsq
5.2 Lagrangian Floer version
We now prove the exact triangle Theorem 1.3. Since τC is a symplectomorphism, it
suﬃces to prove the theorem with L1 replaced by τ−1C L1. That is, we construct a long
exact sequence
. . .HF (L0, Ct , C, τ−1C L
1) → HF (L0, τ−1C L1) → HF (L0, L1) . . . .
More generally in the quilted case, it suﬃces to prove the theorem with L1 replaced by
L1# graph(τC ).
5.2.1 Definition of themaps
LetM be amonotone symplectic background andC ⊂ M a spherically ﬁbered coisotropic
submanifold of codimension c ≥ 2. Let L0, L1 ⊂ M be admissible Lagrangian branes, and
suppose thatC is equippedwith anadmissible brane structure as aLagrangian submanifold
of M− × B. These conditions imply that all Lefschetz–Bott ﬁbrations discussed below
are monotone as in Lemma 4.10. We may assume, after Hamiltonian perturbation, that
C, L0, L1 all intersect transversally.
Definition 5.3 (a) (Chapsmap)Theﬁrstmap in the exact sequence is deﬁned as the rel-
ative invariant associated with a “quilted pair of pants,” or more accurately, “quilted
chaps” in American dialect. Let S1 denote the quilted surface shown in Fig. 6: Let
(SB, SM) denote the patches of S1, and E = (SM × M, SB × B), where B is the base
of the ﬁbration p : C → B. We identify C with its image in M × B. Let F denote
the Lagrangian seam/boundary condition for E given by L0, L1, C and consider the
relative invariant
Φ1 : HF (L0, C, Ct , τ−1C L
1;)[dim(B)] → HF (L0, τ−1C L1;). (44)
This invariant was deﬁned in Deﬁnition 4.23 by counting points in the zero-
dimensional component of the moduli space M1 of pseudoholomorphic quilts on
S1.
(b) (Lefschetz–Bott map) The second map in the exact sequence is a relative invariant
associatedwith a Lefschetz–Bott ﬁbrationwithmonodromy given by theDehn twist.







Fig. 6 Quilted surface S1 deﬁning HF(L
0 , Ct , C, τ−1C L
1;) → HF(L0 , τ−1C L1;)
Namely, let EC → D denote the standard Lefschetz–Bott ﬁbration withmonodromy
τC from Lemma 2.13 and Deﬁnition 4.26. Gluing in EC with the trivial ﬁbration over
a strip (using the identity as transitionmap to the left of the disk, and τC as transition
map to the right) as in Seidel [41, p. 7] gives a Lefschetz–Bott ﬁbration (E2, F2) over
the inﬁnite strip shown in Fig. 7. Let
Φ2 : HF (L0, τ−1C L
1;) → HF (L0, L1;) (45)
denote the associated relative invariant. Relative invariants were deﬁned in (32) by
counting points in the zero-dimensional component of the moduli space M2 of
pseudoholomorphic sections of E2 → S2 with boundary in F2. (It follows from
Theorem 5.5 below that Φ2 has degree zero.)
The ﬁrst step in the proof of the exact sequence is to show that the composition of the
chaps and Lefschetz–Bott maps vanishes:
Lemma 5.4 (Exactness at the middle term) The composition Φ = Φ2 ◦ Φ1 (the relative
invariant associated with picture on the left in Fig. 8) vanishes; more precisely, there exists
a null homotopy of the chain-level maps CΦ2 ◦CΦ1 whose terms have positive q-exponent





Fig. 7 Lefschetz–Bott ﬁbration E2 → S2 deﬁning the map HF(L0 , τ−1C L1;) → HF(L0 , L1;)














Fig. 8 Pinching oﬀ a disk at the seam
Proof The composition of the two relative invariants is the relative invariant associated
with a Lefschetz–Bott ﬁbration over the glued surface S = S1 S2 by (34). Consider the
deformation St of S obtained by moving the critical value of the Lefschetz–Bott ﬁbration
toward the boundary marked C and pinching oﬀ a disk in M × B with boundary values
in C . This process is shown in the right-most two pictures in Fig. 8. The bundles E
and Lagrangian boundary/seam conditions F naturally extend to families Et , F t that are
obtained from gluing for t  0. It follows from Corollary 4.31 that the relative invariant
CΦ is null homotopic. unionsq
5.2.2 Exactness to leading order
Theproof that themapsΦ1,Φ2 of (44), (45) ﬁt into a long exact sequence follows a standard
argument, familiar from Floer’s exact triangle [6]. In this argument, one ﬁrst proves that
the “leading-order terms” in the cochain-level map deﬁne a short exact sequence and then
applies a spectral sequence to deduce the triangle. Recall that L0 ∩ τ−1C L1 is the disjoint
union of the images of i1 and i2 of the map in Proposition 5.2.
Theorem 5.5 (Exactness of the short sequence to leading order) Let C, L0, L1 be as in
Theorem 1.3. There exists  > 0 such that for any ﬁbered Dehn twist τC deﬁned using (41)
for λ suﬃciently large, the following properties hold:
(a) (Small triangles as leading-order contributions toCΦ1) If x ∈ ((L0×C)∩(Ct×τ−1C L1))
then CΦ1(〈x〉) is equal to qν〈i1(x)〉 for some ν < /2, plus terms of the form qμ〈z〉
with μ >  and z ∈ L0 ∩ τ−1C L1.
(b) (Horizontal sections as leading-order contributions to CΦ2)
(i) For any x ∈ L0 ∩ L1, if y = i2(x) then CΦ2(〈y〉) is equal to 〈x〉 plus terms of the
form qν〈z〉 with z ∈ I(L0, L1) and ν > .
(ii) If y = i2(x) for any x, then CΦ2(〈y〉) is a sum of terms of the form qν〈z〉 for
z ∈ I(L0, L1) and ν > .
Furthermore, CΦ2 has zero degree.
Proof (a) We aim to reduce to the exact, unﬁbered case considered by Seidel [41].
Step 1: The antipodal case. The simplest case is that in which the points on the spherical
ﬁber are antipodes. That is, let x = (m, b,m′) be as in the statement of the Theorem, so
that
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m ∈ L0 ∩ C, m′ ∈ L1 ∩ C, π (m) = π (m′) ∈ B. (46)
Suppose thatm,m′ are antipodes:
b = π (m) = π (m′), L0 ∩ τ−1C L1 = {m}.
Let
u : S1 → M, u|SM ≡ m, u|SB ≡ b
denote the constant section with value m on the part mapping to M and value b on the
part mapping to B. This section satisﬁes the boundary conditions L0, τ−1C L1, C , by (46).
Weclaim that these constant sections give theonly contributions to the relative invariant
in the antipodal case. Let J ∈ J h(E) be any horizontal almost complex structure, for which




u∗ω = A(u|SM)+ A(u|SB) = 0.
The map u is J -regular. Indeed, by non-negativity of the curvature and Proposition 4.35,
it suﬃces to show that the index of the linearized operator Du,J for u the constant section
is zero. Since the boundary conditions are constant, we may decompose the boundary
conditions into vertical and horizontal parts,
TmM ∼= TbB ⊕ TvT∨Sc, TmC ∼= TbB ⊕ TvSc
for some vector v ∈ Sc representingm in the trivialization of the ﬁber at b. The linearized
operator Du breaks into the sum of linearized operators Dhu, Dvu for the horizontal and
vertical pieces. The linearized operator Dhu for the horizontal piece TbBmay be identiﬁed
with a linearized operator on a stripwith constant, transverse boundary conditionsTb(L0◦
C) and Tb(L1 ◦ C). The kernel and cokernel of Dhu are trivial; hence, the horizontal piece
Dhu has index zero. The linearized operator for the vertical piece Dvu is equivalent to that
for the unﬁbered case covered in [41, Proof of Lemma 3.3]. Since the kernel and cokernel
in this case are also trivial, the cokernel of the linearized operator for u is trivial. Hence J
is regular for horizontal u. This implies that we may use J to compute the coeﬃcient of
〈i1(x)〉 in CΦ1(〈x〉), and the fact that the required sections are constant in this case proves
the claim.
Step 2: Deformation to the antipodal case. We reduce to the antipodal case of the previ-
ous paragraphs by a deformation argument. Suppose that (m, b,m′) gives a generalized
intersection point of (L0, Ct , C, L1). Choose a family of identiﬁcations Cb ∼= Sc depending
on t ∈ [0, 1] such that for t = 1 the points m,m′ are antipodes in Cb. We extend the
pullbackmetrics onCb to a family of ﬁberwise metrics onC . The family of metrics deﬁnes
a reduction in the structure group depending on t, that is, a family of principal SO(c + 1)
bundles Pt together with a family of diﬀeomorphisms
Pt ×SO(c+1) Sc → C.
Let τ tC denote the resulting family of ﬁbered Dehn twists, and consider the family of
boundary conditions given by τ tCL0, L1. The intersection points I(τ tCL0, Ct , C, L1) ﬁt into





{ρ} × Mρ(i1(x), x) (47)
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of pseudoholomorphic curves for this deformation. Standard arguments show that there
is a parametrized regular family of almost complex structures for the deformation, in the
sense that the moduli space (47) is a smooth, ﬁnite-dimensional manifold with boundary.
The moduli space is also compact, as long as λ−1 is suﬃciently small. Indeed, for λ−1
suﬃciently small, bubbling oﬀ trajectories in the deformation (47) is impossible byRemark
5.6 below. On the other hand, bubbling oﬀ holomorphic disks and spheres is impossible
because of the monotonicity conditions. It follows from compactness that the count of
holomorphic quilts is invariant under the deformation (47).
We show that the sections contributing to the coeﬃcient of 〈i1(x)〉 in CΦ1(〈x〉) are
of small area. Suppose u : S1 → M is a quilt contained in a neighborhood of Cb with
Lagrangian boundary conditions L0, τ−1C L1, C and limits x, i1(x). Near Cb all Lagrangians
are exact and path connected. So the area computation reduces to the computation of
action diﬀerences in [41]. In particular, for these maps, for δ suﬃciently small, all such u
of index 0 (parametrized index 1) connecting i1(x) with x have E(u) at most /2:
u ∈ M(x, i1(x)) =⇒ E(u) ≤ /2.
This argument shows that the area of small index zero quilts is at most /2 for λ−1 suﬃ-
ciently small. By monotonicity, any holomorphic quilt of index zero with boundary/seam
conditions L0, τ−1C L1, C has the same area as one of the index zero quilts above.
It follows in particular that sphere and disk bubbling does not occur in these moduli
spaces. So the component of the moduli space M˜1(i1(x), x) of formal dimension one is







where o(u) = ±1 are the orientations. The second sum in (48) is equal to 1 if the almost
complex structure is horizontal. For the unique contribution, it then comes from the hor-
izontal section with value i1(x) = (m, b,m′). This completes the deformation argument.
Step 3: The higher-order terms.We next show that the pseudoholomorphic sections with
limits other than those corresponding to i1, i2 have higher energy, using the mean value
inequality. Suppose that u = (u0, u1) is a quilt from S1 connecting x = (m, b,m′) with y
with energy at most  with u1 resp. u0 mapping toM resp. B. For any neighborhood U of
Cb, there exists  > 0 suﬃciently small so that the image of u1 is contained in U :
E(u) <  =⇒ u1(SM) ⊂ U.
Indeed, let (s0, t0) denote the coordinate of the top-most point in the seam. For s > s0 +1,
integrating the mean value inequality (30) as in Lemma 4.15 over a path γs(t) = (s, t)
shows that the distance between L0 and C and the distance between τ−1C L1 and C are at
most c for some constant c. In fact, these estimates are independent of the choice of τC .
Indeed, the image τ−1C (L1) is independent of τC in a neighborhood of L0∩L1. On the other
hand, τ−1C (L1) converges to π−1π (L1 ∩ B) as ζ (0) → 0. As in Lemma 4.4, let V be the
set of points in X within distance c of both L0 and τ−1C L1. Since L0, τ
−1
C L1 are compact,
for  suﬃciently small, V is a collection of disjoint open neighborhoods of the points in
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It follows that if u has suﬃciently small energy then every point with s > s0 + 1 maps to
V , hence V(x). Similarly, for s < s0 − 1, one obtains by “folding” a strip with values in
M × B × M with boundary values L0 × C and Ct × τ−1C L1. Integrating the mean value
inequality (30) over paths to the boundary γs(τ ) = (s, t+ τ ) or γs(t) = (s, t− τ ) shows that
d(π1u(s, t), L0) < c, d(π2u(s, t), C) < c, d(π3u(s, t), τ−1C L
1) < c.
In particular, note that the intersection (L0◦C)∩(τ−1C L1◦C) is transverse and independent
of τC . Hence the projections π1(u(s, t)) and π3(u(s, t)) are contained a small neighborhood
W of π−1((C ◦L0)∩ (C ◦τ−1C L1)) inM. It follows that u takes values inW for all s < s0−1.
Applying Lemma4.15 again, this time for a path of the form γ (t) = [s0+2t, k] for k ∈ {0, 1}
shows the same holds for points in the boundary of the intermediate region. Now i1(x)
is the unique intersection point of L0 ∩ τ−1C L1 connected to L0 ∩ Cb by a path from m in
L0∩W , and a path fromm′ in τ−1C L1∩W , as in the proof of Proposition 5.2. Thus y = i1(x).
(b) The second part of the Lemma is somewhat easier, since the leading-order terms
have order exactly zero arising from the horizontal sections.
Step 1: We show that the degree zero terms arise from horizontal sections. Let u be the
horizontal section of E2 on the inﬁnite strip with value x. Then Ind(Du,J ) = 0, since
the boundary conditions are constant. Hence u is regular for horizontal J , and the count
for y = i1(x) follows by Proposition 4.36. The map Φ2 has degree 0, since the horizontal
sectionshave zero index. Becauseof thenon-negative curvature of the standardLefschetz–
Bott ﬁbration in 4.20, any non-horizontal section has positive area. Thus the q-exponent-
zero terms arise only from horizontal sections.
Step 2: The non-horizontal sections satisfy a uniform energy gap condition as in the
Lemma. For an almost complex structure pulled back from one for (L0, Ct , C, L1) under
IdM × IdB ×τ−1C ; this is an immediate consequence of Gromov compactness and preser-
vation of area and index under the pullback. The following alternative argument using the
mean value inequality holds for any almost complex structure used to deﬁne the relative
invariant: Suppose u is a section of energy less than . By Lemma 4.15, for  small u takes
values in the setU of points inM within distance c of both L0 and L1. By Lemma 4.4,U





Since u(s, t) lies in U(x) for s suﬃciently large, this implies that
u(s, t) ∈ U(x), s ≥ 1.
For the points in [−1, 1] × {0, 1}, integration applied to the path from (s, 0) to (1, 0) to
(−1, 1) shows that (again for  suﬃciently small)
u(s, 0) ∈ U(x), s ∈ [−1, 1].
Then another application of integration shows that
u(s, t) ∈ U(x), s ≤ −1
as well. Thus u has the same limit x at s = −∞ as s = ∞. On the intermediate region
s ∈ [−1, 1], t ∈ [0, 1] on a neighborhood of x the section corresponds to a map to M. An
argument using Lemmas 4.4 and 4.15 shows that u takes values in U(x) everywhere. In
this neighborhood L0, L1 may be assumed to be exact. Thus case u has zero area and, by
the vanishing of the curvature in this region, must be horizontal. unionsq
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Remark 5.6 (Energy gap for Floer trajectories) Let C, L0, L1 be as in the previous two
Lemmas. We claim that there exists λ suﬃciently large such that any non-constant Floer
trajectory for (L0, Ct , C, τ−1C L1) or (L0, τ
−1
C L1) has symplectic area at least . We consider
only the case of trajectories u : R × [0, 1] → M for (L0, τ−1C L1); the case of trajectories
for (L0, Ct , C, τ−1C L1) is similar. Choose an open neighborhood U of m disjoint from L1.
Each component of τ−1C L1 ∩ U converges to p−1(p(C ∩ L1)) ∩ U as λ → ∞ as smooth
submanifolds. The discussion above, again using Lemma 4.15, shows that if u has suﬃ-
ciently small area A(u) then the image u(R × [0, 1]) is contained in a small neighborhood
of either some intersection pointm ∈ L0 ∩ L1 or an intersection point inm ∈ L0 ∩ τ−1C L1.
Since each component of τ−1C L1 ∩ U contains at most one intersection point withm and
the image of the R×{1} under u is connected, this implies that any index one trajectory u
connects an intersection pointm to itself and is homotopic to the trivial trajectory. Hence
u has vanishing area.
5.2.3 Isomorphismwith themapping cone
Every mapping cone of cochain complexes gives rise to an exact triangle. To construct
an exact triangle, it suﬃces to prove an isomorphism of a third complex with a mapping
cone. So to prove Theorem 1.3 in the unquilted case (of simple Lagrangians L0, L1), it
suﬃces to show the following:
Theorem 5.7 (Isomorphism with the mapping cone) Let L0, L1, , τC as in Theorem 1.3.
Then the map CΦ2 induces an isomorphism of CF (L0, τ−1C L1) with the mapping cone on
CΦ1.
Beforewe give the proof of the theorem,we recall a bit of homological algebra, explained,
for example, in [13].
Remark 5.8 (a) (Mapping cone) If Cj = (Cj, ∂j), j = 0, 1 are cochain complexes and
f : C0 → C1 is a cochain map, then the mapping cone on f is the complex
Cone(f ) := C0[1]⊕ C1, ∂(c0, c1) = (−∂0c0, ∂1c1 + f (c0)).
(b) (Quasi-isomorphisms frommapping cones) A cochain map from Cone(f ) to a com-
plex C2 is equivalent to pair (k, h) consisting of a cochain map k : C1 → C2 together
with a cochain homotopy
h : C0 → C2, k ◦ f = h∂0 + ∂2h.
Such a map induces a quasi-isomorphism if and only if Cone(k[1]⊕ h) is acyclic.
We will need the following criterion for a cochain map (k, h) as in Remark 5.8 (b) to
induce a quasi-isomorphism, similar to that in Seidel [41] and Perutz [35, Lemma 5.4]. By
an R-graded -cochain complex, we mean a -linear cochain complex equipped with an
R-grading so that multiplication by qλ shifts the grading by λ.
Lemma 5.9 (Double mapping cone lemma) Suppose that C0, C1, and C2 are free, ﬁnitely
generated R-graded -cochain complexes with diﬀerentials δ0, δ1, δ2. Suppose that
C0
f→ C1 k→ C2
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is a sequence of cochain maps (not necessarily exact at the middle term) and h : C0 → C2
a null homotopy of k ◦ f . Assume
(a) The diﬀerentials δ0, δ1, δ2 each have positive order while h has non-negative order.
(b) We have f = f0+ f1, k = k0+k1, where f0, k0 have order zero while f1, k1 have positive
order.
(c) The leading-order terms f0, k0 give a short exact sequence of abelian groups (not
necessarily cochain complexes)
0 → C0 f0→ C1 k0→ C2 → 0
Then the induced map (h, k) : Cone(f ) → C2 is a quasi-isomorphism.
Proof The proof is similar to that in Perutz [35, Lemma5.4]. The leading-order diﬀerential
in C := Cone(Cone(f ), C2) is acyclic by standard homological algebra: Given (c0, c1, c2)
with leading-order coboundary (0, f0(c0), k0(c1) + h0(c0)) = 0, we have c0 = 0 since f0 is
injective, and so k0(c1) = 0. Hence c1 = f0(b0) for some b0 ∈ C0. Now h0(b0) = −b2 for
some b2 ∈ C2 and c2 + b2 = k0(b1) for some b1 ∈ C1. So the coboundary of (b0, b1, b2) is
(0, c1, c2 + b2 − b2) = (c0, c1, c2) as desired. Since all maps f, h, k have ﬁnitely many terms,
there exists an  > 0 such that, if C≥n ⊂ C is the subcomplex of terms with order in
[n,∞), the ﬁrst page of the associated spectral sequence has vanishing cohomology. It
follows that C is itself acyclic. unionsq
Proof of Theorem 5.7 We apply Lemma 5.9 to the Floer complexes
C0 = CF (L0, Ct , C, τ−1C L1;),
C1 = CF (L0, τ−1C L1;),
C2 = CF (L0, L1,).
(49)
Let k denote the cochain-level map CΦ1, deﬁned by the quilted surface in Fig. 6. For any
x ∈ I(L0, Ct , C, τ−1C L1), z ∈ I(L0, L1), consider the parametrized moduli space M˜(x, z)
for the one-parameter family of deformations (Eρ , Fρ) (with ρ representing the length of
the neck) connecting the pair obtained by gluing (E1, F1) and (E2, F2) along a strip-like
end to the nodal surface equipped with bundles (E, F ), (EC,r , FC,r), as shown in Fig. 8.
An element of M˜(x, z) consists of a quilted surface Sρ in the family, together with a
pseudoholomorphic quilt uρ with the given boundary and seam conditions.
As in the proof of Corollary 4.31, for r suﬃciently small and ρ suﬃciently large the




(M0(x, y)0 × M1(y, z)0) ∪
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• the ﬁrst union consists of pairs of pseudoholomorphic sections of E1 and E2, and
• the second two unions correspond to bubbling oﬀ Floer trajectories [u] ∈ M(y, z)0
inM or a Floer trajectory [u] ∈ M(x, y)0 inM × B ×M.
Deﬁne a map
h : CF (L0, Ct , C, τ−1C L
1;) → CF (L0, L1;)






where o(u) = ±1 are the orientations constructed in [48]. The description of the boundary
components of M˜(x, z)1 in (50) gives the relation ∂h+ h∂ = k ◦ f . By Remark 5.8 the pair
(k, h) deﬁne a morphism Cone(f ) → C2.We claim that the mapping cone
Cone(k, h) = C0[2]⊕ C1[1]⊕ C2,
∂(c0, c1, c2) = (∂0c0, ∂1c1 + f (c0), ∂2c2 + k(c1)+ h(c0)) (51)
is acyclic. Theorem 5.5 shows that for Dehn twists satisfying the conditions in the The-
orem, the diﬀerential ∂ splits into the sum of an operator ∂0 whose q-exponents lie in
[0, /2) and a term ∂ − ∂0 whose q-exponents lie in (,∞). Because of the bijection (42)
there exists an R-grading on C0, C1, C2 so that the contributions to ∂ separates into a
leading-order part ∂0 with R-degree zero, and vanishing cohomology, and a remaining
part with R-degree at least /2. By Lemma 5.4, there exists a null homotopy of k ◦ f to
the identity. By Remark 5.6, for δ suﬃciently small the conditions of Lemma 5.9 hold.
The result for  coeﬃcients follows. Note that here in contrast to the case in Perutz [35]
the diﬀerentials have ﬁnitely many terms, so the formal completion is not necessary. The
result for q = 1 follows by specialization as in Remark 4.3. unionsq
The quilted version of Theorem 1.3, where L0, L1 are generalized Lagrangian branes,
is proved similarly, but replacing the boundary labeled L0, L1 with collections of strips
corresponding to the symplecticmanifolds appearing in the generalizedLagrangianbranes
L0, L1. The details are left to the reader.
Remark 5.10 Under strongmonotonicity assumptions as inDeﬁnition 4.28, the statement
of Theorem 1.3 also holds in the case of codimension one coisotropics. This case is proved
similarly but now using the cancelation discussed in Remark 4.30.
5.3 Minimal Maslov two case
In general, Lagrangian Floer cohomology is deﬁned only the case that certain holomorphic
disk counts vanish. In the case that one of the Lagrangians has minimal Maslov number
two, the relevant disk count is that of Maslov index two holomorphic disks. First we recall
some basics of the derived category of matrix factorizations from [47].
Definition 5.11 (a) (Category of matrix factorizations) For any w ∈ Z, let Fact(w)
denote the category of factorizations of w Id.
(i) The objects of Fact(w) consist of pairs (C, ∂), where
C = C = C0 ⊕ C1
is a Z2-graded free abelian group and ∂ is a group homomorphism squaring to
a multiple of the identity:
∂ : C• → C•+1, ∂2 = w Id .
(ii) For objects (C, ∂), (C ′, ∂ ′), the space of morphisms
HomFact((C, ∂), (C ′, ∂ ′))
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is the space of grading preserving maps intertwining the “diﬀerentials”
f : C• → (C ′)•, f ∂ = ∂ ′f.
(b) (Cohomology) For any matrix factorization (C, ∂), let H ((C, ∂) ⊗Z Zw) denote the
cohomology of the diﬀerential ∂ ⊗Z Id : C ⊗Z Zw → C ⊗Z Zw obtained from ∂
by tensoring with Zw . Any morphism in Fact(w) deﬁnes a homomorphism of the
corresponding cohomology groups. The cohomology with coeﬃcients functor has
target the category Ab of Z2-graded abelian groups,
Fact(w) → Ab, (C, ∂) → H ((C, ∂) ⊗Z Zw).
We recall the deﬁnition of the Maslov index two disk count studied in Oh [32]. Let
M be a symplectic background and L ⊂ M be a compact Lagrangian submanifold
with minimal Maslov number equal to 2. For any  ∈ L, consider the moduli space
M12(L, J, ) of J -holomorphic disks u : (D, ∂D) → (M,L) with Maslov number 2, map-
ping a point 1 ∈ ∂D to , modulo automorphisms preserving 1. By results of Kwon and
Oh [20] and Lazzarini [22], for J in a comeager subset J reg(M,L) ⊂ J (M) the moduli
space M12(L, J, ) is a ﬁnite set. Suppose L is equipped with a relative spin structure. By
[12], see also [48], this structure induces an orientation on the moduli space M12(L, J, ).
Let
o : M12(L, J, ) → {±1}
denote the map comparing the given orientation to the canonical orientation of a point.
Definition 5.12 (Disk invariant of a Lagrangian) LetM be a monotone symplectic back-
ground and L ⊂ M a compact monotone Lagrangian brane with minimal Maslov number





The element w(L) is independent of J ∈ J reg(M,L) and  ∈ L.
Denote by Jt (M,L0, L1) ⊂ Jt (M) the subset of t-dependent almost complex structures
whose restriction to a ﬁxed small neighborhood of t = 0 resp. t = 1 lies in J reg(M,L0)
resp. J reg(M,L1).
Proposition 5.13 (Floer cohomology) Let L0, L1 compact Lagrangian branes with min-
imal Maslov number equal to 2. There exists a comeager subset J regt (M,ω, L0, L1) ⊂
Jt (M,ω, L0, L1) such that
(a) ∂2 = (w(L0)− w(L1)) Id.
(b) (CF (L0, L1;), ∂) is independent of the choice of J, H up to cochain homotopy.
If Lk ⊂ M, k = 0, 1 are monotone Lagrangian branes with the same disk invariant, then
the exact triangle in Theorem 1.3 holds, with the same proof. More generally, the disk
invariant for a generalized Lagrangian brane L = (L1, . . . , Lk ) is the sum of the disk invari-
ants for the components L1, . . . , Lk . Furthermore, the disk invariant for a correspondences
L01 ⊂ M−0 × M1 is the opposite of the disk invariant for its transpose Lt01 ⊂ M−1 × M0,
because the change in complex structure reverses orientations onMaslov index two disks
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[48]. With these conventions, the quilted version of Theorem 1.3 also holds provided that
the disk invariants of the generalized correspondences L0, L1 are equal.
5.4 Periodic Floer version
One can also formulate a version of the exact triangle for symplectomorphisms, that is, in
periodic Floer theory. In this formulation, the exact triangle relates the symplectic Floer
cohomology of the Dehn twist with the Lagrangian Floer cohomology of the vanishing
cycle and the identity:
Theorem 5.14 (Exact triangle in periodic quilted Floer theory) Let M,C, B, τC be as in
Theorem 1.3. There exists a long exact sequence of Floer cohomology groups
HF (id)
HF (Ct , C)[dim(B)].
HF (τC )
The ideas are similar to the case of Lagrangian Floer cohomology inTheorem1.3, andwe
only sketch the proof. The map HF (id) → HF (τC ) is the relative invariant corresponding
to a Lefschetz–Bott ﬁbration over the cylinder in Fig. 9. In the ﬁgure, the outer and inner
boundaries represent cylindrical ends, where the former has monodromy τC . The map
HF (Ct , C) → HF (id) is the relative invariant associatedwith the quilted cylinder in Fig. 10.
In the ﬁgure, the outer boundary represents a cylindrical end, while the inner boundary
τC
id
Fig. 9 Lefschetz–Bott ﬁbration deﬁning HF(id) → HF(τC )
Ct C
Fig. 10 Quilted surface deﬁning HF(Ct , C)[dim(B)] → HF(id)
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represents a quilted cylindrical end with seams labeled Ct , C . The proof is similar to that
of Theorem 1.3. Namely, we have identiﬁcations
HF (id) ∼= HF (L0, L1), HF (τ−1C ) = HF (L0, (τ−1C × 1)L1), (52)
where L0 = L1 =  is the diagonal inM2. There is a natural bijection
I(L0, (τ−1C × 1)L1) → I(L0, L1) ∪ I(L0, Ct , C, L1);
this amounts to repeating the argument of Proposition 5.2. The same ﬁltration arguments
as before are used to construct an exact triangle of quilted Floer cohomology groups
HF (L0, τ−1C L1)
HF (L0, Ct , C, L1)[dim(B)].
HF (L0, L1)
.
Now functoriality of quilted Floer cohomology groups under the symplectomorphism τC
gives an exact triangle
HF (L0, L1)
HF (L0, Ct , C, L1)[dim(B)].
HF (L0, τCL1)
Using the identiﬁcations in (52), this provesTheorem5.14.With integer coeﬃcients, there
is a complication caused by the fact that the diagonal correspondence  does not have a
canonical relative spin structure. The argument works only after treating the diagonal as
the “empty correspondence,” see Sect. 7.2 below.
6 Applications to surgery exact triangles
In this section, we apply the exact triangle to obtain versions of the Floer [10], Khovanov
[17], and Khovanov–Rozansky [19] exact triangles. We have already established in Sect. 3
that Dehn twists of surfaces induce ﬁbered Dehn twists of moduli spaces.
6.1 Exact triangle for three bordisms
In [46], we introduced a category-valued ﬁeld theory associated with certain connected,
decorated surfaces and bordisms. We use freely the notation and terminology from [46]:
Definition 6.1 (a) (Decorated surface) A decorated surface is a compact connected
oriented surface X equipped with a line bundle with connectionD → X . The degree
of D is the integer d = (c1(D), X).
(b) (Decorated bordisms) A bordism from X− to X+ is a compact, oriented three-
manifoldY with boundary equippedwith an orientation-preserving diﬀeomorphism
φ : ∂Y → X− unionsq X+.
HereX− denotes the manifoldX− equipped with the opposite orientation.We often
omit φ from the notation and assume that X−, X+ are boundary components of Y . A
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decorated bordism of degree d is a compact connected oriented bordism Y between
decorated surfaces (X±, D±) equipped with a line bundle with connection D → Y
such that D|X± = D±. Given a decorated bordism (Y,D) between (X±, D±), one can
obtain another decorated bordism by tensoring D with any line bundle that is trivial
on the boundary of Y .
(c) (Moduli spaces for decorated surfaces) Suppose that X is a decorated surface with
line bundle D. Let M(X,D) denote the moduli space of constant curvature rank 2
bundles on X with ﬁxed determinant. The space M(X,D) is a compact, monotone
symplectic manifold with monotonicity constant 1/4 with a unique Maslov cover
of any even order. In [46], we describe how to equip M(X,D) with the background
classes so thatM(X,D) is equipped with the structure of a symplectic background.
(d) (Correspondences for decorated bordisms) Suppose that Y is a decorated surface
with line bundle D between decorated surfaces (X−, D−) and (X+, D+). Let
L(Y,D) ⊂ M(X−, D−)− ×M(X+, D+)
denote the set of isomorphism classes of constant central curvature bundles with
ﬁxed determinant that extend over the interior of Y . If Y is an elementary bordism
(i.e., admits a Morse function with a single critical point), then L(Y,D) is a smooth
Lagrangian correspondence. In [46] we describe how to equip L(Y,D) with rela-
tive spin structures and gradings, so that L(Y,D) has the structure of an admissible
Lagrangian brane.
For the purposes of the exact triangle, we will need an alternative description as ﬂat
bundles with ﬁxed holonomy around an additional marking.
Definition 6.2 (a) (Marked surfaces) For any integer n ≥ 0, an n marked surface is a
compact oriented surface X equipped with a tuple x = (x1, . . . , xn) of distinct points
on X and a labeling μ = (μ1, . . . ,μn). In this section, we take labels all equal to 1/2
corresponding to the central element −I of A.
(b) (Moduli spaces formarked surfaces) Denote byM(X,μ) themoduli space of ﬂat bun-
dles on X − x with holonomy−I around each marking xi; we consider more general
holonomies in the next subsection. Themoduli spaceM(X,μ) may be identiﬁed with
the moduli space M(X,D) where D is a line bundle of degree n, by a construction
described in Atiyah and Bott [5] given by twisting by a ﬁxed central connection.
(c) (Marked bordisms) A marked bordism from (X−, x−) to (X+, x+) is a compact, ori-
ented bordism Y equipped with a tangle (compact oriented one-dimensional sub-
manifold transverse to the boundary) K ⊂ Y such that K ∩ X± = x±.
(d) (Moduli spaces for marked bordisms) Denote by
L(Y, K ) ⊂ M(X−,μ−)− ×M(X+,μ+)
themoduli space of bundles that extendoverY−K with holonomy−I aroundK . The
identiﬁcation M(X±,μ±) → M(X±, D±) induces a homeomorphism M(Y, K ) →
M(Y,D) where D → Y is a line bundle whose ﬁrst Chern class is dual to the tangle
K . Thus, in particular, the addition to K of a circle component K ′ corresponds to
twisting the determinant line bundle D by a line bundle whose ﬁrst Chern class is
dual to the homology class of K ′.
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The following proposition relates the moduli spaces of bundles with ﬁxed holonomy
around an embedded circle with the Lagrangian correspondences associated with ele-
mentary bordisms.
Proposition 6.3 (Correspondences for elementary bordisms)
(a) Let Y be a bordism from X− to X+ containing a single critical point of index 1 and
a trivial tangle K (i.e., a union of intervals connecting x− to x+) and C ⊂ X+ is
the attaching cycle. The Lagrangian L(Y, K ) is diﬀeomorphic via the projection to
M(X+,μ+) to the subset of connections on X+ − x+ with holonomy along C equal to
I .
(b) Let Y be a decorated bordism from X− to X+ containing a single critical point of
index 1, C ⊂ X+ the attaching cycle, K0 a trivial bordism connecting x− to x+ and
K1 ⊂ Y the unstable manifold of the critical point. The Lagrangian L(Y, K0 ∪ K1) is
diﬀeomorphic to the subset of ﬂat bundles on X+ − x+ with holonomy along C equal
to −I .
Proof By Seifert–van Kampen, π1(Y − K ) is the quotient of π1(X+ − K ) by the ideal
generated by the element [C] obtained from C by joining by a path to the base point.
Hence in the ﬁrst case, L(Y, K ) is diﬀeomorphic to the submanifold ofM(X,μ+) obtained
by setting the holonomy along C equal to the identity. For the second case, the gradient
ﬂow theMorse functiondeﬁnes adeformation retract ofY−K0−K1 toX+−x+.Homotopy
invariance implies that π1(Y − K0 − K1) is isomorphic to π1(X+ − x+). Since C is a loop
around K1, the holonomy around K1 is equal to the holonomy along C , hence the claim. unionsq
In order to obtain smooth Lagrangian correspondences, we break the given bordism
into elementary bordisms.
Definition 6.4 (a) (Cerf decompositions) A Cerf decomposition of a bordism Y is a
decomposition of Y into elementary bordisms Y1, . . . , YK , that is, bordisms admit-
ting a Morse function with at most one critical point. Associated with any Cerf
decomposition
Y = Y1 ∪X1 . . . ∪Xk−1 Yk
and a decoration on Y is a generalized Lagrangian correspondence
L(Y ) = (L(Y1), . . . , L(Yk )).
(b) The generalized correspondence L(Y ) may be equippedwith a relative spin structure
via its structure as a ﬁbration over the moduli space of the incoming or outgoing
surface. Thus L(Y ) gives rise to a functor of generalized Fukaya categories
Φ(Y ) : Fuk (M(X−)) → Fuk (M(X+)).
This functor is independent of the choice of Cerf decomposition [46].
(c) Given admissible Lagrangian branes L± ⊂ M(X±), deﬁne






:= HF (L−, L(Y ), L+) ,
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where the second equality is by deﬁnition of the Fukaya category. Since we have
ignored absolute gradings, this is a relativelyZ4-graded group depending only on the
equivalence class of the decorated bordism Y .
We prove the following surgery exact triangle for the invariants HF (Y ; L−, L+).
Definition 6.5 (a) (Knots) A knot in a bordism Y is an embedded, connected one-
manifold K ⊂ Y disjoint from the boundary.
(b) (Knot framings) A framing of a knot K ⊂ Y is a nonvanishing section of its normal
bundle up to homotopy. Given a framed knot, the other framings are obtained by
twisting by representations of π1(K ) ∼= Z into SO(2) and so are indexed by Z.
(c) (Knot surgeries) For λ ∈ Z the λ-surgery Yλ,K of Y along K is obtained by removing
a tubular neighborhood of K and gluing in a solid torusD2 ×S1 so that themeridian
∂D2 × {pt} is glued along the curve given by the framing of the knot corresponding
to λ. Denote by Kλ the knot in Yλ,K corresponding to a longitude in ∂D2 × S1. Thus
Kλ intersects the meridian transversally once.
Remark 6.6 (Knot surgeries in terms of decompositions into elementary bordisms) The
three manifolds Y0,K , Y−1,K obtained by a 0 resp. −1-knot surgery have decompositions
into elementary bordisms given as follows. Suppose thatY is decomposed into elementary
bordisms Y1, . . . , Yl , so that K is contained in the boundary (∂Yi)+ = (∂Yi+1)− and the
framing is the direction normal to the boundary. Gluing in D2 × S1 produces two new
critical points. The ﬁrst critical point has stable manifold with unit sphere equivalent to
K and the second has unstable manifold with unit sphere equivalent to K . Thus
(a) The zero-surgery Y0,K has a decomposition into elementary bordisms with two
additional pieces, Y∪, Y∩ inserted between Yi and Yi+1. The knot K0 ⊂ Y0,K is
divided into the two additional pieces K0 ∩ Y∪ and K0 ∩ Y∩. The correspondence
L(Y∪, Y∪ ∩ K0) ◦ L(Y∩, Y∩ ∩ K0) is the correspondence associated with the moduli
space of bundles L(Y∪)◦L(Y∩) on the decorated surface Y∪ ∪Y∩ with the shifted line
bundle as in Proposition 6.3.
(b) The−1 surgery Y−1,K has decomposition into simple bordisms Y1, . . . , Yl but where
the identiﬁcation (∂Yi)+ → (∂Yi+1)− is the Dehn twist along K .
Lemma 6.7 (Existence of Cerf decompositions compatible with a knot) For any framed
knot K ⊂ Y , there exists a Cerf decomposition Y = Y1 ∪ . . . ∪ Yl so that K is contained
in the boundary (∂Yi)+ = (∂Yi+1)− for some i = 1, . . . , l and the framing is the direction
normal to the boundary.
Proof Choose aMorse function f : Y → R such that f is constant onK and the framing is
given by the gradient of f at K . The level set f −1(λ) containing K can be made connected
by adding 1-handles in Y , so that f −1(λ) becomes a connected surface containing K
separating the boundary components of Y . By taking a self-indexing Morse function on
f −1(±∞, λ], f can be deformed away from f −1(λ) so that f is Morse and has connected
ﬁbers. unionsq
Theorem 6.8 (Exact triangle for knot surgery) Let Y be a decorated bordism from X− to
X+, let K ⊂ Y be a framed knot contained in the interior of Y , and let Y−1,K , Y0,K denote
the−1 and 0-surgeries on K . Let L−, L+ be admissible Lagrangian branes inM(X±). There
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is a long exact sequence of (relatively graded) Floer cohomology groups
. . . → HF (Y0,K ; L−, L+) → HF (Y ; L−, L+) → HF (Y−1,K ; L−, L+) → . . .
where the determinant bundle on Y0,K has been shifted by the dual class of the knot K0 ⊂
Y0,K , or equivalently, Y0,K is considered as a marked bordism with knot K0.
Proof By combining Remark 6.6, Lemma 6.7, and Theorem 3.8, the statement becomes
a special case of Theorem 1.3: Let Y = Y− ∪X Y+ be a decomposition into compression
bodies with K ⊂ X a non-separating knot and τ a corresponding Dehn twist. We have an
exact sequence
. . . → HF (L(Y−), L(Y ∪, Y ∪ ∩ K0), L(Y ∩, Y ∩ ∩ K0), L(Y+)) → HF (L(Y−), L(Y+))
→ HF (L(Y−), graph((τ−1)∗), L(Y+)) → . . . . (53)
The addition of the knot K0 is equivalent to a shift in the determinant line bundle, as
explained in Remark 6.6; we thank Guillem Cazassus for pointing out the missing shift in
an earlier version of the paper. unionsq
Remark 6.9 (Dehn twists for separating curves)We do not discuss here the exact triangle
for a Dehn twist around a separating curve, because the moduli spaceM does not satisfy
the “strong monotonicity” condition of Deﬁnition 4.28. Instead, one needs to establish
positivity properties of the form c1(MC ) − [B−] − [B+] with respect to the canonical
complex structure on the moduli space of parabolic bundlesMC . This seems like to hold
but would take us outside the framework of this paper.
6.2 Exact triangles for tangles
We obtain Floer-theoretic invariants of tangles constructed in [47] exact triangles that
are the same as those obtained by Khovanov [17,18] and Khovanov–Rozansky [19]. We
assume freely the terminology from [47], in particular the terminology formoduli spaces of
bundles with ﬁxed holonomy for marked surfaces. In this subsection, we take G = SU (2)
and A ∼= [0, 1/2] via the identiﬁcation (12).
Definition 6.10 (Functors for bordismswith tangles via ﬂat bundles with ﬁxed holonomy)
(a) (Correspondences for elementary tangles) Let X± be a compact, oriented surface
with odd numbers of markings x± admissible labels μ± all equal to 1/4 ∈ A. Let
K ⊂ Y := X × [−1, 1] be a tangle, that is, a bordism between marked surfaces
(X−,μ−) and (X+,μ+). LetM(X±,μ±) denote the moduli space of SU (2) bundles in
Deﬁnition 3.1. Let L(K ) denote the subset of M(X−,μ−)
− × M(X+,μ+) of bundles
that extend over the interior of the bordism.Assuming thatK is elementary (admits a
Morse function with at most one critical point onK , and none on Y ), the Lagrangian
L(K ) has an admissible brane structure [47].
(b) (Functors for tangles)More generally, letK ⊂ Y = X×[−1, 1] be an arbitrary tangle,
and K = K1 ∪ . . . ∪ Kr a decomposition into elementary tangles. Associated with
each elementary tangle Ki is a Lagrangian correspondence Li and so a generalized
Lagrangian correspondence associated with K
L(K ) = (L1, . . . , Lr).
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Composing the functors Φ(Li) for these correspondences gives a functor
Φ(K ) : Fuk (M(X−,μ−)) → Fuk (M(X+,μ+));
In [47], we proved that Φ(K ) is independent, up to isomorphism, of the choice of
decomposition K1 ∪ . . . ∪ Kr .
(c) (Group valued invariants) Given objects
L± ∈ Obj(Fuk (M(X±,μ±))),
such that the sum of disk invariants for L−, L(K ), L+ is zero, the cohomology
HF (K ; L−, L+) = H (Hom
Fuk (M(X+ ,μ+))
(Φ(K )L−, L+))
is a (Z2-relatively graded) invariant of K .
We prove the following surgery exact triangle for these invariants.
Definition 6.11 Given a tangle K ⊂ Y , a separating embedded surface  ⊂ Y , and a
disk D ⊂  meeting K in two points. let K , K be the tangles obtained by modifying K
by a half twist, respectively, adding a cup and cap as in Fig. 11.
Theorem 6.12 (Exact triangle for changing a crossing) Let K, K , K be tangles in a
cylindrical bordism Y = X × [−1, 1] between X± = X ×{±1} as in Deﬁnition 6.11 and L±
admissible Lagrangian branes in M(X±,μ±) such that the sum of the disk invariants for
L(K ), L−, L+ is zero. The cohomology groups for K , K, K are related by an exact triangle
HF (K ; L−, L+)
HF (K ; L−, L+)
HF (K ; L−, L+).
(54)
Proof The crossing change depicted in Fig. 11 has the following eﬀect on the decompo-
sition of elementary tangles. Suppose that K = K1 ∪ . . . ∪ Kr is such a decomposition.
Denote by
Li ⊂ M(Xi,μi)− ×M(Xi+1,μi+1), i = 1, . . . , r
the corresponding Lagrangian correspondences. The tangle K is obtained by inserting a
half twist of the jth and j+1thmarkings after some elementary tangleKi. Wemay assume
that Ki is a cylindrical bordism (i.e., admits a Morse function with no critical points) so
.
Fig. 11 Exact triangle for a crossing change, SU(2) case
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that the cylindrical Cerf decomposition of K is obtained from that of K by replacing Ki
with a half twist. Similarly for K , let K∩j , K∪j denote the tangles corresponding to the cap
and cup of the jth and j + 1th strands. Then
K = K1 ∪ . . . ∪ Ki−1 ∪ K∩j ∪ K∪j ∪ Ki+1 ∪ . . . ∪ Kr
is a cylindrical Cerf decomposition of K . The Lagrangian correspondence for K∪j is that
associated with the coisotropic submanifold
C∪j = {gjgj+1 = 1} ⊂ M(Xi,μi)
where gi is the holonomy around the jth marking. Similarly the correspondence for K∩j
is C∩j = (C∪j )t . These correspondences are simply connected and hence automatically
monotone. Let τCj ∈ Diﬀ(M(Xi+1,μi+1)) denote the corresponding ﬁbered Dehn twist.
We have
CF (K ; L−, L+) = CF (L−, L1, . . . , Lr , L+),
CF (K ; L−, L+) = CF (L−, L1, . . . , Li, C∩j , C∪j , Li+1, . . . , Lr , L+),
CF (K ; L−, L+) = CF (L−, L1, . . . , Li−1, (τCj × 1)Li, Li+1, . . . , Lr , L+).
Theorem 6.12 now follows from Theorems 1.3 and 3.11. unionsq
More generally, in higher-rank invariants we obtain an exact triangle for theKhovanov–
Rozansky modiﬁcation.
Definition 6.13 Let G = SU (r) for some integer r ≥ 2.
(a) (Admissible labels) An admissible label is a projection of the barycenter of A onto
some face. In the absence of reducibles, given amarked surface (X, x) with admissible
labelsμ themoduli spaceM(X,μ) of bundles with ﬁxed holonomy around themark-
ings x in the conjugacy classes associated with μ is a smooth, compact, monotone
symplectic manifold.
(b) (Correspondences for admissible graphs) Let
K ⊂ Y := X × [−1, 1]
be a trivalent graph with admissible labels, where each trivalent vertex is of the form
described in Deﬁnition 3.12. This means that K is made up of a ﬁnite number of
vertices that are points in Y , and edges that are embedded, compact one-manifold
with boundary. The endpoints of the edges are either vertices or points on the
boundary of Y . Trivalence means that each vertex is required to lie in the boundary
of exactly three edges. Each edge is labeled by either ν1k or ν2k , so that at any vertex the
labels are ν1k , ν1k , ν2k , see Fig. 12 where the squiggly edge represents a vertex labeled ν2k .
(c) (Decomposition into elementary graphs) Let
K = K1 ∪ . . . ∪ Ke
be a decomposition into elementary graphs admitting cylindrical Morse functions
with at most one critical point or vertex. Each elementary graph Ki deﬁnes a smooth
Lagrangian correspondence with admissible brane structure Li consisting of bundles
that extend over the interior, see [47], and so a generalized Lagrangian correspon-
dence L = (L1, . . . , Le). The functor
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Fig. 12 Trivalent graph in a bordism
Φ(K ) : Fuk (M(X−,μ−)) → Fuk (M(X+,μ+))
obtained by composing the functorsΦ(L(Ki)) is independent of the choice of decom-
position into elementary graphs [47], up to A∞ homotopy.
(d) (Khovanov–Rozanskymodiﬁcation of a graph) SupposeK ⊂ X×[−1, 1] is a trivalent
graph with admissible labels. Let (K1, . . . , Ke) be a cylindrical Cerf decomposition of
K andK ∩(X×{bi}) a slice such that two points have the same label ν1k from 3.12.We
obtain a new trivalent graphs K , K by inserting a half twist, respectively, inserting
two new vertices as shown in Fig. 13. Here the intermediate edge represented by a
squiggle is labeled ν2k from 3.12.
By Theorems 1.3 and 3.13,
Theorem 6.14 (Exact triangle for aKhovanov–Rozanskymodiﬁcation)Suppose thatG =
SU (r), (X,μ) is a marked surface with μi = μj = ν1k , with ν1k = 12 (ωk + ωk+1). Let
ν2k = 12 (ωk+2 + ωk ) and suppose that K, K , K are as in Deﬁnition 6.13, and L± are
Lagrangian branes such that the sum of the disk invariants for L(K ), L−, L+ is zero. There
Fig. 13 Exact triangle for a crossing change, G = SU(r) case
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exists an exact triangle
HF (K ; L−, L+)
HF (K ; L−, L+).
HF (K ; L−, L+)
(55)
Note that this generalizes the SU (2) exact triangle since if k = 2 then ω0 = ω2 = 0.
The exact triangle of Khovanov–Rozansky [19] has a similar form. The theories for the
other standard markings will not in general have surgery exact triangles of this form,
since the corresponding symplectomorphisms are not, in general, Dehn twists. It would
be interesting to understand whether there is a replacement for the surgery exact triangle
in these more general cases.
7 Fukaya versions of the exact triangle
In [27], the authors constructed A∞ functors for Lagrangian correspondences between
Fukaya categories. The gluing results necessary for the construction of the A∞ functors
for Lagrangian correspondences are proved in [28]. Applied to the Lagrangian correspon-
dences arising from moduli spaces of ﬂat bundles one obtains a (partial) A∞ -category-
valued ﬁeld theory. We now explain the Fukaya-categorical versions of the exact triangle
for ﬁbered Dehn twist.
7.1 Open Fukaya-categorical version
LetM be a symplectic background.We take Fuk(M) to be the A∞ category whose objects
are admissible monotone branes with torsion fundamental group and minimal Maslov
number at least three. That is, we disallow the minimal Maslov number two case. Mor-
phisms are Floer cochain groups and composition maps count (perturbed) holomorphic
polygons with boundary on the given Lagrangians. In [27], we deﬁned a similar category
Fuk (M) whose objects are generalizedLagrangian submanifolds. LetD Fuk (M) denote
its bounded derived category, as deﬁned by Kontsevich, see [42]. Given any Lagrangian
correspondence L01 ⊂ M−0 ×M1 with admissible brane structure, [27] constructs an A∞
functor
Φ(L01) : Fuk (M0) → Fuk (M1).
The functorΦ(L01) is deﬁned on the level of objects by concatenating L01 to the sequence,
and on the level of morphisms by counting holomorphic quilts. In particular, given a
spherically ﬁbered coisotropicM ⊃ C → B of codimension c ≥ 2 with admissible brane
structure, one obtains A∞ functors
Φ(C) : Fuk (M) → Fuk (B), Φ(Ct ) : Fuk (B) → Fuk (M).
Theorem 7.1 (Exact triangle in the derived Fukaya category) Let (M,ω) be a symplectic
background, L ⊂ M an admissible Lagrangian brane, and ι : C → M a coisotropic
submanifold of codimension at least 2 equippedwith admissible brane structure spherically
ﬁbered over a symplectic manifold B. Let τC : M → M denote a ﬁbered Dehn twist along
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The morphisms in the triangle Theorem 7.1 are Floer cochains deﬁned as relative invari-
ants associated with quilted surfaces that are variations of the surfaces involved in the
proof of Theorem 1.3. The ﬁrst map
f = CΦS ∈ CF (L, Ct , C, L)[dim(B)] = Hom(Φ(C)Φ(Ct )L, L)
is obtained by counting the elements of the moduli spaces M1(x), x ∈ I(L, Ct , C, L)
associated with the quilted surface S shown in Fig. 14 with Lagrangian boundary and






The secondmap in the exact triangle is the relative invariant for the standard Lefschetz–
Bott ﬁbration with a single end and Lagrangian boundary condition L in Fig. 15. That is,
if M2(y)0 denotes the zero-dimensional component of the moduli space of pseudoholo-










Fig. 14 Quilted surface deﬁning the morphism from Φ(C)Φ(Ct )L to L
M
L τC
Fig. 15 Lefschetz–Bott ﬁbration deﬁning the morphism from τ−1C L to L
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Proposition 7.2 The morphism k ∈ Hom(L, τCL) of (56) induces an isomorphism of the
mapping cone Cone(f : Φ(C)Φ(Ct )L → L) with τCL.
The proof of Proposition 7.2 depends on the following lemma, whose proof is left as an
exercise (c.f. [37, Lemma 2.6]).
Lemma 7.3 (Suﬃcient condition for a morphism from a mapping cone to be an isomor-
phism) Let C be a c-unital A∞ category. Let X, Y, Z be objects of C and
f ∈ Hom0(X, Y ).
Any pair
k ∈ Hom0(Y, Z), h ∈ Hom−1(X, Z)
satisfying
μ1(k) = 0, μ1(f ) = 0, μ1(h)+ μ2(f, k) = 0 (57)




(a, b, c) → (μ1(a),μ1(b)+ μ2(a, f ),μ1(c) + μ2(b, k)+ μ2(a, h) + μ3(a, f, k)) (58)
is acyclic.
Proof of Proposition 7.2 Consider the relative cochain-level invariant associated with the
surface in the center in Fig. 16. We consider a family of deformations of this surface
depending on a parameter ρ as follows. As ρ → 1, deform the glued surface so that a
disk with values in EC,r bubbles oﬀ. By the proof of Proposition 4.31, the relative invariant
for the picture on the right corresponding to ρ = 1 is zero on the cochain level for r





denote the parametrized moduli space for this deformation consisting of pairs of a para-
meter ρ and a holomorphic quilt for the quilt corresponding to the parameter. Standard
transversality arguments show that M˜(x) is smooth for generic choices of perturbation











B ρ → 0 ρ → 1
Fig. 16 Null homotopy of the composition Φ(C)Φ(Ct )L to τCL
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(M1(y)0 × M2(z)0 × M(x, y, z)0) ∪
⋃
y
(M˜(y)0 × M(x, y)0).
Here M(x, y),M(x, y, z) are the moduli spaces for the 2 resp. 3 marked disk, counted by
the compositions μ1,μ2. The ﬁrst part consists of the ρ = 0 boundary of M˜(x)1, and
corresponds to μ2(f, k). The other boundary components at ρ ∈ (0, 1) are formed by
splitting oﬀ Floer trajectories v ∈ M(x, y) for L, Ct , C, L. Deﬁne










o(u)qA(u)〈x〉 = μ2(f, k)+ μ1(h)
as claimed.
Now let L1 be another object in D Fuk (M), for simplicity unquilted. Acyclicity of the
diﬀerential (58) is shownas follows. It suﬃces toprove acyclicitywithL replacedwith τ−1C L.
The terms of lowest order in q are μ2(f, a) and μ2(k, b). As in Sect. 5.2, the leading term of
μ2(f, a) corresponds to the canonical injection I(L1, Ct , C, τ−1C L) → I(L1, τ−1C L). On the
other hand, the leading term ofμ2(k, b) corresponds to the canonical injection I(L1, L) →
I(L1, τ−1C L). As before, the lowest order terms in complex are acyclic, after a small shift
in the R-degrees of the generators. Filtering the complex by energy shows that entire
complex is acyclic. An application of Lemma 7.3 completes the proof of Proposition 7.2.
unionsq
Theorem 7.1 follows by taking the long exact sequence associated with the mapping
cone in Proposition 7.2.
7.2 Periodic Fukaya-categorical version
In this section we discuss a version of the triangle taking values in D Fuk (M,M), the
bounded derived Fukaya category of generalized Lagrangian correspondences from M
to M. Recall from [27] that the empty correspondence ∅ from M to M considered as a
sequence of length zero induces the identity
Φ(∅) = Id : Fuk (M) → Fuk (M)
on the Fukaya category; indeed, labeling each seam by the empty set has the eﬀect of
“removing the seam.”
Theorem 7.4 (Exact triangle in the derived Fukaya category of correspondences) Let
(M,ω) be a symplectic background, and i : C → M a coisotropic submanifold of codimen-
sion at least two, whose null foliation p : C → B is spherically ﬁbrating over a manifold
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B, equipped with an admissible brane structure. Let τC : M → M denote a ﬁbered Dehn




Sketch of proof The proof is the similar to that of Theorem 7.2, replacing the strip-like
ends with cylindrical ends. The morphism from C Ct to ∅ is obtained from the quilted
cap S = (SM, SB) in Fig. 17, where
• the outer circle represents a quilted cylindrical end with seams Ct , C ,
• the lightly shaded patch SM maps toM and
• the darkly shaded patch SB maps to B.
The morphism from ∅ to graph(τC ) is deﬁned by the Lefschetz–Bott ﬁbration over the
cap shown in Fig. 18, where the outer circle represents a cylindrical end with monodromy
around the end given by τC . The composition of the two maps is deﬁned by the surface
shown in Fig. 19. By deforming the singularity on the surface onto a disk with boundary
condition in C , one obtains a null homotopy of the composition. This null homotopy
deﬁnes, as in Lemma7.3, an isomorphismof themapping coneCone(Ct C[dim(B)] → ∅)
with τC . Applying the functor
Fuk (M,M) → Func(Fuk (M), Fuk (M))
Fig. 17 Quilt deﬁning the morphism from (Ct , C)[dim(B)] to ∅
Fig. 18 Quilt deﬁning the morphisms from ∅ to graph(τC )
Fig. 19 Composition of quilts
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constructed in [27], this leads to an exact triangle in Func(D Fuk (M), D Fuk (M))
id
D Φ(C) ◦ D Φ(Ct ).
D Φ(τC )
That is, there exists an isomorphism in Func(D Fuk (M), D Fuk (M)),
D Φ(τC ) → Cone(D Φ(C)D Φ(Ct ) → id).
Applying this exact triangle to any object L ofDFuk (M) leads to the exact triangle given
in Theorem 7.1. unionsq
Remark 7.5 (A∞ results for minimal Maslov two) Similar results hold in the case of
minimal Maslov number two for the A∞ categories Fuk (M,w) whose objects L have
disk invariant w = w(L), counting the number of Maslov index disks passing through a
generic point in L. See [27, Section 4.4] formore on the disk invariant and Fukaya category
Fuk (M,w).
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